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1 Introduction 

Recall that a symplectic manifold (M, u) is said to be Kahler if there exists an 
integrable almost complex structure J on M such that the bilinear form 

g(X,Y) = (X,Y) :=oj(X,JY) 

defines a Riemannian metric on M. The triple (w, J, g) is called a Kahler structure on 
M, g and u are called a Kahler metric and a Kahler form, respectively. Such a Kahler 
manifold is called a Kahler- Einstein manifold if the Ricci form p^ = p g of g satisfies 
p w = cu) for some constant c£l. For a Kahler manifold (M, J, 5, w) let Symp(M, u) 
and Aut(M, J) denote the group of symplectomorphisms of the symplectic manifold 
(M, w) and the group of biholomorphisms of the complex manifold (M,J), respec- 
tively. Their intersection is equal to the group of isometries of the Kahler manifold 
(M,J,g,u), l(M,J,g) := {<fi G Aut(M, J) | (f>*g = g}. 

Without special statements we always assume that M is closed (i.e. compact 
and boundaryless) and connected throughout this paper. It is well-known that 
Symp(M, uS) is an infinite dimensional Lie group whose Lie algebra is the space of 
symplectic vector fields. A lot of symplectic topology information of (M,u) is con- 
tained in Symp(M,u;). (See beautiful books [U E2J EH [25] for detailed study). On 
the other hand I(M, J,g) is a finite dimensional Lie subgroup of Symp(M, u). Hence 
in order to understand topology of Symp(M, u), e.g. its homotopy groups, it is 
helpful to study the topology properties of the inclusion I(M, J, g) <^-> Symp(M, cj). 
To the author's knowledge, the first result in this direction was obtained by Smale 
[27], who proved that there exists a continuous strong deformation retraction from 
Symp(5 2 , Wpg ) to SO (3) = l(S 2 ,i, 5pg). Hereafter g-p<) and cjpg denote, up to mul- 
tiplying a positive number, the Fubini-Study metric and the associated Kahler form 
on the complex projective spaces CP n respectively, and i is the standard complex 
structure on CP n . Recently, Jiayong Li and Jordan Alan Watts [16J strengthened 
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this result. They constructed a strong deformation retraction from Symp(5 2 , ) to 
50(3) which is diffeologically smooth. 

In his famous paper [9J Gromov invented a powerful pseudo-holomorphic curve 
theory to study symplectic topology and got the following important results: 
• For any two area forms u\ and UJ2 on CP 1 with f cp i u)\ = f cp i ui2, Symp(CP 1 x 
CP 1 ,^! © 0J2) contracts onto 



I (CP 1 x CP\i x i,g£l 



*8: 



5/2Z extension of SO (3) x SO (3) 



(0 §2.4.^i]), and Symp(CP 1 x CP 1 ,wi0w 2 ) cannot contract onto 50(3) x £0(3) if 
J cp i uj\ 7^ / C pi ^2 ([Hi §2.4.02]). (A simple application of Moser theorem can reduce 
these to the case u\ = awpg and 002 = ^ w fs ^ or nonzero 0,66 R). 
• Symp(CP 2 ,w F s) contracts onto I(CP 2 ,i, g^) ([9 :i §2.4.P^]). 

Since Symp(S' 2 , ) = Diff + (S' 2 ), Gromov's results may be viewed as general- 



(i) 

FS 



© Ac4s) 



izations of Smale's theorem above in a direction. For Symp(S' 2 x S 2 ,u 
with J S 2 Wpg = 1 and A 7^ 1, so far some deep results were made by Abreu [lj, Abreu 
and McDuff [2J, Anjos and Granja [3] and others following an approach suggested 
by Gromov [HI §2.4.02]. A different direction generalization of Smale's theorem is to 
study the topology properties of the inclusion Symp(M, u) •— > Diff(M, uS). Using the 
parameterized Gromov- Witten invariant theory, Le and Ono |14| . and Seidel [26] got 
a few of interesting results in this direction. For example, with P mn := CP" 1 x CP n 



and Jj 



(m) 



CP 1 W FS 



Si 



(n) 

CP 1 U FS 



1, it was showed in |26| that the homomorphisms 



(3 k : 7r fc (Symp(CP m x CP™, 4? ©4s)) -> vr fc (Diff (P mn )) 



induced by the natural inclusion Symp(CP m x CP n , 



F^ewfTs) c Diff (^mn) are not 
surjective for odd numbers k < max{2m — 1, 2n — 1}. This gave the first examples of 
symplectic manifolds of dimension > 4 for which the map 7ri(Symp) — > 7ri(Diff) is not 
surjective. In particular, this result implies that rank(coker/3i) > 2 for m = n = 1, 
which can also be derived from the above Gromov's first result. (See McDuff 's survey 
|20j for recent developments). 

In past ten years a new method (mean curvature flow (MCF) method) to the 
above question was developed by Mu-Tao Wang [331 EH ESI ESI EH EH [22] and 
Smoczyk [29] . For compact Riemann surfaces they obtained the desired results (cf. 
[361 E3 [29]). Recently Ivana Medos and Mu-Tao Wang [22] applied the MCF to 
deform symplectomorphisms of CP n for each dimension n, and obtained a constant 
A (n) G (1, +00] only depending on n 6 N, (see (j3.7j) for its definition), such that any 
A-pinched symplectomorphism of CP n with 



1 < A < Ai(n) := 



1 ( Ao(n) + -t— 7~~\ 

2 V A (n) 



1 ( Ao (n) + -r—j-T 

2 V A (n) 



(1.1) 



is symplectically isotopic to a biholomorphic isometry (cf.[22, Corollay 5]). Here a 
symplectomorphism ip of the Kahler manifold (M,lj, J,g) is called A-pinched if 



1 

A 2 " 



9 < <p*g < A 2 g 
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(cf. \22\ Def.l]). The constant Ao(n) was introduced above Remark 2 of [221 p. 322], 
and it was shown that Ao(l) = oo there. So [22J provides a new proof for the Smale's 
result above. For n G N we define an increasing function [l,oo) 9 A i— > A' n by 



(This is obtained from [22|, (3.11)] when Ai in [22|, (3.10)] is replaced by A.) Then 
A; = A (n) if A = Ai(n) by the proof of [22. Cor.5]. 

By Cartan's classification, in addition to two exceptional spaces £ , g/(Spin(10) x 
SO(n + 2)) and Ei/(Eq x SO(2)), all irreducible Hermitian symmetric spaces of com- 
pact type have the following form of four types (in the terminology of |11| p. 518]): 



They are, respectively, holomorphically equivalent to (cf. [7J): 

• G l (n, n + m) = G(n, n + m; C) the complex Grassmann manifold consisting of the 
(n — l)-dimensional, complex projective linear subspaces CP n_1 of the complex pro- 
jective (n + m- l)-space CP n+m_1 ; 

• G n (n, 2n) the complex analytic submanifold of G(n, 2n; C) consisting of all the 
(n — l)-dimensional, complex projective linear subspaces CP n_1 that lie in a non- 
singular quadric hypersurface Q 2n ~ 2 (C) in CP 2 ™ -1 ; 

• G lll (n,2n) the complex subvariety of G(n, 2n, C) consisting of all the (n — 1)- 
dimensional, complex projective linear subspaces CP n_1 C CP 2n_1 , all of whose 
projective lines are contained in a general (i.e., nonsingular) linear complex. In terms 
of homogeneous coordinates in CP 2 ™ -1 , it is represented by the m-dimensional, com- 
plex vector subspaces of the vector space C 2n , that are totally isotropic with respect 
to a nonsingular, alternating bilinear form on C 2n ; 

• G IV (l,n + 1) the nonsingular, n-dimensional, complex quadric hypersurface Q n C 
CP n+1 , and real-analytically isomorphic to the real Grassmann manifold G + (2,n,]R) 
of oriented, real projective lines in MP n+1 . 

They have complex dimensions mn,n(n — l)/2, n(n + l)/2,n, respectively. Let h 
and hi be the canonical Kahler metrics on G(n, n + m; C) and G l (n, 2n), respectively. 
Both G ll (n, 2n) and G m (n,2n) are totally geodesic submanifolds of (G l (n, 2n), hj). 
Denote by h\\ and hm the induced metrics on G n (n, 2n) and G lll (n, 2n), respectively. 

Theorem 1.1 Let oj be the Kahler form corresponding with the canonical metric h on 
G(n,n + m; C), g = Re(/i) and J the standard complex structure. Then for every A- 
pinched symplectomorphism ip G Symp(G(n, n + m; C), u) with A G [1, Ai (mn)] \ {oo} 
the following holds: 

(i) The mean curvature flow St of the graph of <p in G(n, n + m; C) x G(n, n + m; C) 

exists for all t > 0. 

(ii) Sf is the graph of a symplectomorphism ipt for each t > 0, and (ft is A' mn -pinched 

along the mean curvature flow, where A' mn is defined by hi. 2(1 . 




(1.2) 



U{n + m)/U(n) x U(m), n,m > 1, SO(2n)/U{n), n > 2, 
Sp(n)/U(n) n > 2, SO{n + 2)/SO(n) x SO(2), n > 3. 



4 



(iii) (ft converges smoothly to a biholomorphic isometry of (G(n,n + m;C), J, g) as 
t — > oo. 

Consequently, each such A-pinched symplectomorphism ip G Symp(G(ra, n + m; C), to) 
is symplectically isotopic to a biholomorphic isometry of (G(n,n + m;C), J,g). 

Theorem 1.2 Let (M, co,J,g) be a compact Kahler- Einstein submanifold of (G(n, n+ 
m;C),h) which is totally geodesic (e.g. (G ll (n,2n),hu) and (G m (n,2n),hui) are 
such submanifolds of (G l (n,2n),hi)). Set dimM = 2N. Then for every A-pinched 
symplectomorphism <p G Symp(M, to) with A G [1, Ai(iV)] \ {00} the following holds: 

(i) The mean curvature flow of the graph of ip in M x M exists for all t > 0. 

(ii) Sf is the graph of a symplectomorphism ipt for each t > 0, and ipt is A' N -pinched 

along the mean curvature flow, where A' N is defined by 

(iii) tpi converges smoothly to a biholomorphic isometry of (M, J, g) as t -> 00. 

Consequently, each such A-pinched symplectomorphism p : (M,lo) — > (M,co) is sym- 
plectically isotopic to a biholomorphic isometry of (M, J,g). 

Recall that a complex torus of complex dimension n is the quotient space T n = 
C n /T, where T is a lattice in C n generated by 2n vectors {u\, ■ ■ ■ ,U2 n } in C n which 
are linearly independent over R. It has a natural flat Kahler metric induced from the 
flat metric of C n . By Bieberbach theorem ([HI page 65]), any compact flat Kahler 
manifold is holomorphically covered by a complex torus ([SJ Example 2.60]). From 
this and Calabi-Yau theorem it follows that any compact Kahler manifold M with the 
first and the second (real) Chern class vanishing must be (holomorphically) covered 
by a complex torus (|5, Cor. 11.27]). Unfortunately, for complex tori we cannot 
obtain the corresponding result with (iii) of Theorems 11.11 and 11.21 yet though other 
conclusions are proved under the weaker pinching condition. 

Theorem 1.3 Let (M,u, J, g) and (M,to,J,g) be two real 2n- dimensional compact 
Kahler- Einstein manifolds of constant zero holomorphic sectional curvature. Then 
for every A-pinched symplectomorphism ip : M —> M with A G (l,Ao(n)) there hold: 

(i) The mean curvature flow of the graph of ip in M x M exists smoothly for all 

t > 0; 

(ii) T,t is the graph of a symplectomorphism pt for each t > 0, and ipt is still Ao(ra)- 
pinched along the mean curvature flow. 

(iii) If A < Ai for some Ai G (A, Ao(n)), where Ai > 1 is a constant determined 
by Ai and n (see Lemma \4-%\ ), then the flow converges to a totally geodesic 
submanifold of M x M as t —> 00. (In addition we have 

- / /0.141446«Jai \ /0.141446«$Ai \ / /0.141446<5 Al \ \ 

2 (M 5n ) +2 "K Wn )V"K 5n ) ~ 1 ~ 'J ■ 

where 8^ is defined by \3. 6\) ). 
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It is easily seen that the convergence assertion in Theorem 11.31 cannot be derived 
from [351 Theorem B]. Moreover, it was pointed out in [34, Remark 8.1] that when M 
is locally a product of two Riemannian surfaces of nonpositive curvature the uniform 
convergence of the flow can also be proved with the method in |36j . 

It is possible to generalize the above three theorems to a larger class of manifolds — 
- compact homogeneous Kahler-Einstein manifolds. (See Theorem 15. ip . Recall that 
a Kahler manifold (M,uj, J, g) is called homogeneous if I(M,J,g) acts transitively 
on M. In particular, a simply-connected compact homogeneous Kahler manifold is 
called a Kahler C -space in [32] (or a generalized flag manifold). However, except the 
manifolds contained in the three theorems above we do not find an example satisfying 
the conditions of Theorem 15.11 

In this paper we follow [13] to define the curvature tensor R of a Kahler manifold 
(M,uj,J,g) by 

R(X, Y, Z, W) = g(R(X, Y)W, Z) = g(R(Z, W)Y, X) 

for X,Y,Z,W G T(TM). Then the holomorphic sectional curvature in the direction 
X G TM\ {0} is defined by H{X) = R(X, JX, X, JX)/[g(X, X)} 2 . (After extending 
g and R by C-linearity to TM ® M C, H{X) is equal to -R(Z,Z, Z,Z)/[g(Z,Z)] 2 for 
Z = (X - </=lJX)/2 G T^M). 

The paper is organized as follows. In Section 2 we review differential geometry 
of Grassmann manifolds, the key Proposition 12.31 seems to be new. Section 3 is 
our technical core, where we study evolution along the mean curvature flow under 
different pinching conditions for different cases. In Section 4 we prove Theorems 1 1.11 
11.21 and 11.31 Finally, Section 5 gives a general result under stronger assumptions as a 
concluding remark. 

Acknowledgments. The authors would like to thank the anonymous referees for 
pointing out errors in the arguments of improving pinching condition, a number of 
typos in a previous version, and suggestions in improving the presentation. 

2 Differential geometry of Grassmann mani- 
folds 

We shall review some necessary results in differential geometry of Grassmann mani- 
folds. Some of them are first observed. 

2.1 Grassmann manifold and curvature 

Let M(n + m,n;C) = {A G C nx(n+m ^ \mnkA = n}. Then GL(n;C) := {Q G 
C nxn | detQ 0} acts freely on M(n, n;C) from the left by matrix multiplication. 
The complex Grassmann manifold G(n, n + m; C) may be defined as the quotient 
M(n,n + ra;C)/GL(n;C). For A G M(n,n + m;C), denote by [A] G G(n,n + m;C) 
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the GL(n; C)-orbit of A in M(n,n + m;C). Any representative matrix B of [A] is 
called a homogeneous coordinate of the point [A]. For increasing integers 1 < ai < 
■ • • < ct n < n + m let {a n +i, • • • , a n+m } be the complement of {ai, • • • , a n } in the 
set {1, 2, . . . , n + m}. Write A G M(n, n + m; C) as A = (Ai, • • • , ^4 n +m) and 

A —(A ■■■ A \ a <T nxn A -(A ■■■ A ] c r nxm 

where Aj, • • • , A n+m are n X 1 matrices. Define 

f/<*i,- ,a„ = {[-4] G G(n, n + m; C) | detA 7^0}, 

P) ■ TJ > pnxm — (nnm r 41 . 7 _ 1 a \~ l A 

u Qi-On • u ai—a n ^ ^ — ^ j K 1 ] ^ — l/i-ai — a n ) ■ tx a n +\"-a n +m' 

We call Z the local coordinate of [A] 6 G(n, n + m; C), and 

{ (J7ox-a„, Qai-an) I 1 < «i < • • • < «n < n} 

the canonical atlas on G(n,n + m; C) ([121 El There exists a unique (up to 

multiplying a nonzero real constant) metric h on G(n, n + m; C) which is invariant 
under the action of the group of motions in G(n,n + m; C) (cf.[15]). It is the pullback 
of the Fubini-Study metric on P(A n C n+m ) by the Pliicker embedding from G(n, m; C) 
to P(A n C n+m )). It is well-known (e.g. [T71 EH] ) that this metric in the local chart 
{U\... n , Z = @i... n ) on G(n, n + m; C) is given by 

h = Tr[(J n + ZZ')~ l dZ(I m + Z , Z)~ 1 dZ'] (2.1) 
= ddlogdet(/ + ZZ'), 

where z' and dz' are the conjugate transposes of Z and dZ respectively, Tr denotes 
the trace, and d = ^ a dZ ta -^^ and d = a dZ ia -^^. It is Kahler-Einstein. 

If a (real) tangent vector T at the point Z € U\... n is represented by their compo- 
nent matrices, i.e., we identify 

T = ^Re(^)^ + E Im ^)^ (2.2) 

with complex matrices T = (T w ) G c nxm , where Z kl = X kl + iY kl , k = 1, ■ ■ ■ , n and 
/ = 1, • • • , m, then the Riemannian metric g := Re(h) is given by 

9z(T 1} T 2 ) = ReTr[(I + ZZ , )- 1 T 1 (I + Z , Z)- 1 %'] (2.3) 

(cf. [39, (2)]). By [391 (4)]), the curvature tensor Rz of g at Z has the expression 

R Z (T U T 2 )T = T[{I + ^Z)- 1 %\l + Z^)- 1 T 1 -(I + Z , Z)- 1 J\\l + ZZ , y 1 T 2 ] 
+ [T x (7 + Z'zy^il + ZZ')" 1 - T 2 (I + z'z)- 1 !^/ + ZZ')- 1 ] T. 

Here as above the left is a real tangent vector and the right is the corresponding 
complex matrix representation of it. Let po 6 ^•••n has coordinate Z(po) = 0. Then 

Rpo(Ti,T 2 ,Tz,T4) := g p (Rp(T 3 ,T4)T 2 ,Ti) 
= ReTv [(T 2 t' 4 T 3 T 1 - T 2 %T$ X + T 3 T 4 T 2 T 1 - T 4 T 3 T 2 T 1 )] (2.4) 
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for any tangent vectors in T Po G(n,n + m;C) as in (|2.2h . T«, i = 1,2,3,4, which 
are identified with complex matrices (T- fe ) £ C nxm , i = 1,2,3,4. It follows that the 
sectional curvature sits between and 4, and that the holomorphic sectional curvature 
of G(n, n + m; C) at the point po £ ^l-n i n t ne direction T is given by 



N 2Tr (TT TT ) r , 
#(0,T) = - € [4/min(n,m),4] 



[TV(TT)] 2 
(cf. [17, (2.11)] and [M page 77]). 



(2.5) 



Proposition 2.1 For the metric h in \2. 1\) let R be the Riemannian curvature tensor 
R of the Riemannian metric g = Re{h) (extended to TG(n,n + m;C) <%>k C in a C- 
linear way). For 1 < i,j,k,h < n and 1 < a,/3,j, 5 <m let 



E> 

n ia,j/3,k^,hS 



R 



d 



dZ ia 



d 




a 




o' a ^ 


0' <9Z fc 7 


o' 


J 



5 A 







dZ l 



d 



dZ 







dZ 



hS 



d 



o' dZ k ~i 



and others be defined similarly. Then 



R 



R 



ia,hS 



for all 1 < i,j,k,l < n and 1 < a, /3, 7, S < m. These and their complex conjugates 
are all component types different from zero. 

Proof. By (j2TTj) . for h = 2dd®{Z), where $(Z) = |lndet(I+ Z^), from the 
well-known formula det^4 = expjTrlnA} we have 



2*(Z) 



Trln(/ + ZZ 



<?=1 



5> 



ia|2 



^ Z^Z^Z^Z 3 " + (higher order terms) 



for ||ZZ II < 1. (See also [TJ page 493]). From this and the arguments on the pages 
155-159 of [13] . it follows that the curvature tensor at Z = is given by 



R 



ia,jj3,k'Y,hS 



dZ^dZ jp dZ k idZ h& 



z=o 



for all 1 < i,j,k,l < n and 1 < a, /3, 7, 0" < m. Moreover, from the Bianchi identity 
and the fact that the curvature tensor R of Kahler manifold is of type (2, 2) it is not 
hard to derive that 



R 



ia,jj3,ky,h8 



R 



ia,h& ,k~f ,j [3 



-R 



ia,h8,j[3,k'Y 



for all 1 < i,j,k,l < n and 1 < a, f3, 7, 6 < m. These and their complex conjugates 
are all component types different from zero. □ 
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Consider the non-degenerate alternating (resp. symmetric) bilinear form J n (resp. 
S n ) on C 2n represented by the matrix J n = ( ^ T ™ J (resp. S n = ( " J ) 

y -*ra / \ n I 

in Euclidean coordinate on C 2n . Then G ll (n, 2n) (resp. G lll (n, 2n)) is the set of com- 
plex n-planes V in C 2n such that E n |y = (resp. J n |y = 0). Following [T71 [18], [19] we 
have also more convenient matrix representations of the Hermitian symmetric spaces 
G u (n,2n), G m (n, 2n) and G IV (l,n + 1) corresponding with the matrix definition of 
the complex Grassmann manifolds: 

G u (n, 2n) = j [A] G G(n, 2n) 3A G [A] such that A ^ J A' = j , 

G m (n, 2n) = j [A] € G(n, 2n) 3 A G [A] such that A f ° ^ ^ A' = J, 

n 

G IV (l,n+l) = {[(, ll ..., V2 )]eCr +1 | Y,z]-z 2 n+1 -z 2 n+2 = 0}. 

i=i 

They are the compact duals (or extended spaces) of the classical domains DjJ, D„ 
and D^ v as G(n, n + m;C) is that of D^ m (cf. [13 [H Q3J]). 

Let h\ be the canonical Kahler metric on G l (n, 2n), which in the coordinate chart 
Kji-on i s given by ddlndet(I + ZZ'). hi induces a Kahler metric hu on G n (n,2n) 
which in the induced coordinate system 

G ll (n, 2n) D ^...^ 9 [A] ^ (z fc '(L4])) (2.6) 

V / k<l 

is given by 

/in = <9<9hidet(I — ZZ) (2.7) 

with Z G c nxri anc l z = —Z'; moreover hi induces a Kahler metric hm on G m (n, 2n) 
which in the induced coordinate system 

G m (n,2n) n U ai ... an B [A] ^ (z M ([A])) (2.8) 

V / k<l 

is given by 

hm = dd In det(J + ZZ) (2.9) 

with Z G <C nxn and Z = Z'. 

Let hps be the Fubini-Study metric on CP n+1 , which is given by 

h FS = dBln(l + 16| 2 + • • • + \U+i\ 2 ) (2-10) 

With £ fc = Cfc(N) = Zk/Zn+2, k = I,-"" ,n+ 1, [z] G f/ n +2 = {[^l,-- - > z n+2] G 

CP n+1 I z n+2 ^ 0}. Then G IV (l,n + 1) is a Kahler submanifold of CP n+1 with the 
induced Kahler metric 

hjy = ddln(l + |6| 2 + • • • + |£„| 2 + |1 - fi £\) (2-11) 
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on Gr IV (l,n + 1) n U n +2 from hps- If Im£ n +i 7^ 0, in the new coordinate chart on 
G IV (l,n + l), 



(6>-- - ,£n) ^ z = (z lr -- ,z n ) 



6 &, 



the metric h\y has the following expression (cf.|17j) 

hi V = ddln(l + \ZZ'\ 2 + 2ZZ'). (2.12) 

All irreducible symmetric spaces of compact type have positive holomorphic sec- 
tional curvatures (cf. [6j[71[T7])- As in (|2,5p the following explicit expressions come 
from [T7] too. Under the above coordinate charts their holomorphic sectional curva- 
tures are 

Hu{Z T) = 2 TV [ (J - Z2 y lT ( T ~ ZZ)- l f{I - ZZ)- l T(I - Zzy^f] 



{Tr[(I - ZZ)- l T(I - ZZ)~ l T] } 2 



where the tangent vector T = t Re(T kl ) ® kl +^2 k 1 lm(T kl )-^ M with skew-symmetric 



complex matrix T = (T kl ) £ C nxn , 

Tr[(I + ZZ)- l T{I + ZZ)- l T{I + ZZ)- l T{I + Zzy l T] 



H m {Z,T) = 2- 

t ±i Ll i - 

where the tangent vector T = ^2 k l Ke(T kl ) + z Im(T w ) 7^773- with symmetric 
complex matrix T = (T kl ) <G C nxn ', 

2(Tf") 2 - \TT'\ 2 



{Tr[(I + zzy l T{i + zzy l T] } 2 



Hw(P,T) 



(TT 



■r\2 



where the tangent vector T = ^2 k Re(T )g^ + Sfcl m (^ )af^ w ^ n complex vector 
T = (T 1 , • • • ,T n ) G C n . 

Let i? 1 denote the curvature tensor of the metric h\ = <9<91ndet(I + ZZ ) on 
G l {n,2n). By Proposition EH at Z = we have 

_ ^>i 

ia,j/3,k , y,h5 ia^hS^^jP ia,h8,j /3,fc7 

= -^{-^ij^kh^aS^li-y ~ ^ih^kj^a/3^s) (2.13) 

for all 1 < i,j,k,l,a,(3,j,5 < n. These and their complex conjugates are all compo- 
nent types different from zero. 

Denote the curvature tensors of (G n (n, 2n), hu) and (G in (n, 2n), hm) by R 11 and 
R , respectively. Note that at Z = the local coordinate systems {U\... n , Z) on 
G(n, 2n; C) and f)2.6j) - f)2.8[) are normal coordinates (or complex geodesic coordinates) 
for the metrics hi, hu and hm. (In fact, (G ll (n, 2n), hu) and (G in (n, 2n), /ini) are 
totally geodesic submanifolds of (G l (n, 2n), hi), see the claim on the page 136 of [24] 
and the proof of Lemma 1 on the page 85 of [24J ) . By (I2.13P we have 
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Proposition 2.2 At Z = the curvature tensors R 11 and R 111 are the restrictions 
of R l , that is, 

for all 1 < i < a < n, 1 < j < j3 < n,l < k < 7 < n,l < I < 5 < n, and 

1 

"ia,j/3,k'f,hS J ~ v ia,hS,k / y,jf3 J ~"ia,hd,jl3,k'y 2 

for all 1 < i < a < n, 1 < j < /3 < n, 1 < k < 7 < n, 1 < I < 5 < n. 



R ?a.lB.k^.hS ~ R fa.hS.k^.lB ~ ~ R fa.hS.l3.k^ ~ o(- 6 ij 6 kh$asfy<y ~ S ih S kj S a pS 7 s) 



Now we consider (G IV (l,n+ l),hiy). By (I2.12P the Kahler potential function 
&(Z) = ^ ln(l + \ZZ'\ 2 + 2ZZ') has the following power series expansion 

1 1 n 

\ ln(l + \ZZf + 2ZZ>) = \ ln(l + 2 £ \z k f + | £ ^| 2 ) 

k k=l 

n \ n n 

= \ Z k? + d zZ Z k\ 2 ~ E \ Z k\ 2 ? + ni S her order terms 



2 

k=l k=l k=l 



near Z = 0. Since the coordinates Z^ (1 < k < n) are normal coordinates, the 
curvature tensor at Z = is given by 

d 4 $ 



IV 



= ^ikSji — SijSki — SuSjk) 



dZidZjdZ k dZi 
for all 1 < k,l < n. In particular we get 

*Sg = -2Vi and fl™ 2 V/ / ./. (2.14) 

2.2 An expected local coordinate chart 

Let J be the standard complex structure on G(n, n + m; C). For p G G(n, n + m; C), 
recall that by {ay, 6y , i = 1, • • • , n, j = 1, • • • , to} being a unitary base of (T p G(n, n+ 
m), J p ,g p ) we mean 

<Jjj, = «/pOjj £ T p G(n, n + m; C), i = 1, • • ■ , n, j = 1, • • • , m, 

is a unit orthogonal base of (T p G(n,n + m;C),<7 p ). To our knowledge the following 
result seems to be new. It is key for us completing the proofs of Theorems 11.11 11.21 

Proposition 2.3 For any p £ G(n, n + to; C) and a unitary base of (T p G(n, n + 
m;C), J p ,g p ), 

ciij,bij := JpOjj S T p G(n, n + m; C), i = 1, • • ■ , n, j = 1, • • • , m, 
there exists a local chart around p on G(n, n + m; C), 

U 3 Z(q) = X(q) + iY{q) GC nxm (2.15) 
satisfying Z(p) = 0, such that 
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(i) In this chart the metric h and g = Re(h) are given by \2. 1\) and \2. 3\) . respectively; 



(ii) a. 



bin 



Proof. Since the isometry group of the Kahler manifold (G(n, n+m; C), h), I(G(n, n+ 
m; C),h) = SU (n + m), acts transitively on (G(n, n + m; C), h), for any p £ G{n, n + 
m;C) there exists are l(G(n, n + m;C),/i) such that r(po) = £>• Clearly, we get a 
coordinate chart around p on G(n, n + m; C), 



W = + : t(Ui... t 



(2.16) 



Since r is a Kahler isometry, using (12.ip one easily shows that the metric h in this 
chart is given by 

h = Tr[(I + WW')- l dW{I + F'lf)"W]. 
It follows that the Riemannian metric g = Re(h) is given by 

g w {Ti,T 2 ) = ReTii(I + WW')- 1 T 1 (I + W'wy 1 %'} 



for real tangent vectors T\,T 2 at W £ r([/i... n ), 

] dU ki 



it,/ 







T 2 = ^Re(T|^ + E Im (T 2 W ) 



Qykl- 

d 

1 dV M ' 



which are identified with complex matrices (T*' ), (T£ ) E C n><m , respectively. 
Define vectors 



ay lp 

Since 



, Ql2j ' ' ' 


, ai m , 0,21, ■ 


• • , 0,2m, ■ ■ • 


? ^nl i " " " j 


, bu, ■ ■ ■ 


, blm, &21, • ' 


• , b2m , • ' ' 


, b n i , • • • ,6; 


d 


d 






du ii\p> 


' <9?7 lm 


Ip' ^[/21 IP' 




d 


d 






dV n\p' 




Ip> Qy21 Ip' 









a 



pi ) 



p), 



QJJnl >P> ' QJJnra 'P 
Qynl li" ' Qynm IP 



is a unitary base of (T p G(n,n + m; C), J p ,g p ), there exists a unique real matrix 
such that 



A B 



(2.17) 



where A,B e R nmxnm is such that 



-B A 



The matrix must have form 
A + iB is a unitary matrix (which is equivalent to 

BU = (A'B)' = A'B and A' A + B'B = /, 



ran X ran • 
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Note that (|2.17p is equivalent to 



~ot + i b 



(2.18) 



Recall that the tensor product or Kronecker product of matrices A = (dij) G C nxm 
and B = (bij) G C pxq is a (np x mg)-matrix given by 

/ a\\B ■ ■ ■ a\ m B 



A®B= [a^B]?™ 



\ a nl B 



Define matrices a = (ay), b = (bij) and ^j| p = (q§tj\ p ), ^r\ P = (q$tj\ p )- It follows 
from (I2.18j) that there exist unitary matrices 1Z G C nxn and 5 G C mxm such that 

9 , .9 



A + iB = K'®S and a + z'b = K(— L + i— L)5. 

£7(7 OK 

Let ft = Ri + ii? 2 with Ri, R2 G M nxn , and 5 = Si + iS 2 with Si, S 2 G 

(R1R2)' = R1R2 and R^R\ + i? 2 i? 2 = Inxni I 
(S1S2) = and S^Si + 5 2 5"2 = I m xm- 1 



(2.19) 



Then 



Moreover, the first equality in (I2.19P implies 

.A = i?i ® Si - R 2 ® S 2 and B = R' 2 ® Si + R[ ® S 2 . 
From the local chart (r(Lq... n ), W) in (j2. 16j) . we define a new chart 

Then G(p) = W(p) = 0. Define vectors 

vfr = (W 11 , W 12 , ■■■ , W lm , Z 21 , ■ ■ ■ , W 2m , ■ ■ ■ , W nl , ■ ■ ■ , W nm ) 

~p% /'/^H /il2 /-i\m /-i21 /-i2m /~inl s~tnm\ 

Lx — \ Lj , , • • • , Ur , <_x , • • • , Lx , • • • , <jt , • • ■ , ). 

By [El page 364, (6)] we get 
dG dG* 



(2.20) 



dW Q\y 
Writing G = <&(W) and 



(T^ 1 )' ® 5- 1 = (ft' ® 5)" 1 = (A + iB)" 1 . 



->■ 



- d 
.dW lp 



'dW lr 
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Q]y2m IP/' 



W 21 IP" ' 

>**(-5??^i- *)>••• ,$*( 



■9iy nl 



(2.21) 



— I ) 



ip/ ; ' 
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since ^j| P + i-$?\ p = Sv\p, by ([2.18[> and (I2.21j) we get 



d , * f d ,\ d , dW 



5G lp *Vdvr p ; aw lp ^ 

dW lp ldffl dVT p 



That is, the coordinate chart in (|2.20p . U -)■ C nxm , g H> (7(g), satisfies 
9 • h 8 I • 1 -i 



%3 ~ dEiy v ' 3 ~ dFV* p ' 

It remains to prove that the transformation 

C nxm ^ C nxm ; ^ ^ G = 

preserves the Kahler metric 

(is 2 = Tr[(J + WW'y l dW(I + WV)" 1 ^'] 

on C nxm . In fact, since 

(I + GG'^dG = (I + n- 1 WS- 1 W I WS^')Tl- 1 dWS- 1 
= (I + 'Rr 1 WW'W T ')'Rr 1 dWS~ 1 

= (n^W 1 ' ' + n~ l ww'W T ')ii~ l dws- 1 

= K~ l {I + WW > )dWS~ 1 , 

{i + G , G)- 1 dG / = (i + n^ws-^n^ws-^n^dws- 1 ' 
= IF 1 ' (i + W , w)dW'W T ' 

we get 

Tr[(/ + GG')- 1 dG{I + G , G)- 1 dG'\ 
= Tr [(/ + ^W)$(wf)- 1 d$(W)(I + <S>{W)$(W)' <$>(W)y l d<5>(W)'] 
= Tt[(I + WW')- 1 dW(I + W , W)- 1 dW']. 

Hence the coordinate chart in (|2.20p satisfies the desired requirements. □ 

Corollary 2.4 For any p,q 6 G(n, n + m; C), let 

{aij,bij := Jpdij, i = 1, • • • , n, j = 1, • • ■ , m} and 

6e unitary bases of (T p G(n,n + m;C), J p , g p ) and (T q G(n,n + m;C), J q , g q ), respec- 
tively. Consider the sequence u%, ■ ■ ■ ,U2nm whose all odd (resp. even) terms are given 
by 

«ll,Ol2)'"" j a lmi 021)"" ) a 2m.r - " 5 Onl 5 - '' ,1nm! 
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Similarly let the sequence u[, ■ ■ ■ , u' 2nm be given by {a'^, := JgOy, i = 1, • • • , n, j = 
1, • • , m}. Then the curvature tensor R of (G(n, n + m; C), g) satisfies 

R p (u a ,up, u-y,u s ) = R q (u' a ,u'p, u^u's) (2.22) 

for any a, f3, 7, 5 E {1, • • • , 2nm}. 

Proof. This can be directly derived from Propositions 12. li 12.31 We here give another 
proof of it with (|2,4p . Let (U, Z) be a local chart around p as in (|2.15p . Then aij = 
'' 1 9, bij = jSij\p, £ = !,••• , n, j = 1, • • • , m. Let Let (V, W = U + y 7 — IV") be a 



local chart around q as in (|2.15p . Then = gjjjjlq, ^ = g^rjlqi i = 1, • • • ,n, j = 
1, • • • , m. Note that according to the above correspondence the tangent vectors -q^m\p 
and gy^rlp have matrices representations 



Sth 



(k,i) 



( 

l(jfc,j) I and T (S)i) 







/ 

i (5)t) I (2.23) 







respectively, where the first index (k, I) means that 1 is in the k-th. row and Z-th 
array of the matrix and similarly for other indexes in the sequel. Clearly, the tangent 
vectors g§w\p and q^t\ p are also represented by these two matrices. So for any 
a G {1, • • • , 2nm} both u a and u' a have the same matrix representations. The desired 
conclusions follow from (|2,4p immediately. □ 

This corollary and Proposition 12.11 immediately lead to 

Corollary 2.5 Let (M,ui M , J M , g M ) be a compact Kahler- Einstein submanifold of 
(G(n,n+m;C),h) which is totally geodesic (e.g. (G (n,2n),hn) and (G (n,2n),hiii) 
are such submanifolds of (G(n, 2n; C), h\) ). Set dimM = 2N . For any p,q G M, let 

{a 2 i-i,a 2 i := jf a^i-i, i = 1, • • • ,N} and 
{a 2 j_i, a 2i := J q a^i-ii i = !,••• ,N} 

be unitary bases of (T p M, g^f , J^f) and (T q M,g^ ,J^), respectively. Then the cur- 
vature tensor R M of (M, g) satisfies 

r>M I \ tjM I I I I 1 \ 

K p (a a ,ap,a 7 ,as) = K q {a a ,a /3 ,a 1 ,a s ) 
for any a, /?, 7, 5 G {1, • • • ,dimM}. 

Proof. Since {T p M, gf , jf) and (T q M, gf , J^ 1 ) are Hermitian subspaces of (T p G(n, n+ 
m;C),h p ) and (T q G(n, n + m; C), h g ), respectively, we may extend {a±, ■ ■ ■ , a2jv} and 
{a' t , • • • , a' 2N } into unitary bases 

{ai, ■ • ■ , a2nm} and {a[, ■ ■ ■ , a' 2nm } 

of (T p G(n,n + m; C), h p ) and (T q G(n,n + m; C), h q ), respectively. By the assumptions 
(M,u M ,J M ,g M ) is a totally geodesic submanifold of (G(n,n + m;C),h). R M is 
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equal to the restriction of R to M. Hence the desired conclusion follows from (|2.22j) . 
(Of course it may also be obtained from Proposition 12.21 for (G (n, 2n),hn) and 
(G m (n,2n),h m )). □ 

Let (U, Z) be the local chart around p on G(n, n + m; C) as in Proposition 12.31 
Proposition 2.6 For any 1 < k, s,n < n, 1 < /, t, v < m it holds that 



R 



( 9 


d 


d 


d 




\dX kl 


p dX st 


P ' dXM 







o, 



R 







dX ki 







p dX st 



d 



p dX 



ki 







dX^ 



1 if fi = s k,l = t = v, 
1 if fj, = s = k,l 7^ t = v, 
otherwise, 



R 



8 



dX 



kl 







>' dY 



St 







dX kl 







1 if fj, = s ^ k,l = t = u, 

1 if fj, = s = k,l 7^ t = u, 

4 if fj, = s = k,l = t = u, 

otherwise. 



Consequently, for Sr k n and Tr s j\ in 112.23]) we get the sectional curvatures 



Kp{S {k:l) ,T (Sjt) ) :- R[-Qxki 











dY 



St 







Q X kl 



d 

gyst 



1 if k = s,l ^ t, 

1 if k 7= s,l = t, 

4 if k = s,l = t, 

ifk^s,l^t, 







dX kl 







dX 



St 



d 

p dX kl 



d 
dX st 



1 if k = s,l ^ t, 

1 if k 7^ s,l = t, 

if k = s,l = t, 

{ ifk^s,l^t. 



Proof. Since the only possible non-vanishing terms of the curvature components 
are of the form R ia jp and those obtained from the universal symmetries of the 
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curvature tensor, a direct computation leads to 



R 

= R 
= R 
+R 



d 
dX kl 
d 



8 


d 


d 




p dX st 


P ' dX kl 


p dxw 


) 



'dZ kl 

d 
dZ kl 
d 



d 

P dz ^ 
d 



p dz st 



d 

P ' dZ^ 
d 



+ 



a 



p dZ st 
d 



"dZ M 



'kl,st,kl,fiv R kl,st,fj,u,kl 
= ^[-hs^k^lu^tl - 



p dz kl p'dz^ 

Odd 
p'dZ* pdZ™ 



d 

p' 8Z kl 
+ R 



+ 







^ v ^ p dZ^ v> \QZ' 

'kl,at,nv,ki ~ ^st,kl,kl,W R st,kl,ij,u,M 

1 



P 

d 
dZ kl 
d 



dZ kl 







d 

p dZ» v 
d 



d 

+ -=T, 



p dZ 



= R 
1 
2 



d 

p 8Z st 



i 

p dZ 



M 




1 M 

p Q Z ^ 



1 art"' 
V oZ 

d 

p dZw 
_d 

p 



Olu\ 



$tl — ^k^sk^tlSw] + -^[^ksSk^ll^tu + Skk^sfi^l 
+ -j[^ks5k^tv^ll + ^s^kk^lu] + -j[—^ks^k^tl^lu ~ £«fc<5jfc/A<5j 

= —l&sk&kn&uhv + Sk s 6kfj,d t u + S Sfl 5 t i5i u , 

where the final equality comes from Proposition 12.11 So we get 

1 if /i = s 7^ k,l = t = 
1 if ji = s = 



R 



d 
dX kl 



d 


d 


d 




p' dX st 


p dX kl 


p dXw 





= < 



Similarly we may obtain 



= k,l 7^ t = v, 
otherwise. 



R 
R 

= R 



d 
dX kl 

d 
dX kl 

d 
dZ kl 



d 

p dX st 
d 

d 

p dZ 



d 

p' dX kl 
d 

p' dX kl 
d 

P ,l dz st 



d 

p dY^ 
d 

p dYw 



— ^sk^k^tlhu + ^ks^k/i^tu + ^s^tl^l 

and therefore 



d 

p ■ 7 



dZ s 



= 0, 



d 

> dZ kl 



+ - 







U] 

v dz 



p l dZ^ 



d 



. d 

v oZ 



R 







d 



dX kl p dY st p dX kl p dY^ 







1 if fi = s k,l = t = v, 

1 if fi = s = k, I 7^ t = v, 

4 if n = s = k,l = t = 

otherwise. 



□ 



3 Evolution along the mean curvature flow 
3.1 Preliminaries 

For convenience we review results in Section 2 of [22] . A real 2 iV-dimensional Hermi- 
tian vector space is a real 2iV-dimensional vector space V equipped with a Hermitian 
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structure, i.e. a triple (w, J, g) consisting of a symplectic bilinear form oj : V x V — > R, 
an inner product 5 and an complex structure J on V satisfying g = wo(Idx J). A Her- 
mitian isomorphism from (V, w, J, g) to another Hermitian vector space (V, Q, J, g) of 
real 2n dimension is a linear isomorphism L : V — > V satisfying: LJ = JL, L*co = u 
and L*g = g. Proposition 1 and Corollary 2 in Section 2.1 of |22] can be summarized 
as follows. 

Proposition 3.1 For any linear symplectic isomorphism L from the real 2N -dimensional 
Hermitian (V,u), J,g) to (V 1 ui 1 J,g), let L* : V —> V be the adjoint of L determined by 
g(L*u,v) = g(u,Lv). Then L*L : V — > V is positive definite, and E := L(L*X) -1 ' 2 
gives rise to a Hermitian isomorphism from (V,ui,J,g) to (V,Q, J, g). Moreover, 
there exists an unitary basis {vi, ■ ■ ■ ,v 2 n} of (V,co, J,g), i.e., 

g(vi,Vj) = 5ij and Jv 2 k-i = v 2 k, k = 1, ■ ■ ■ , N, 

(and hence an unitary basis of (V, u, J, g), {v\,--- , v 2 n} = {E(v\),--- ,E(v2n)} ), 
such that 

(i) The matrix representations of J and J under them are all 

( 1 \ 

-1 



Jo 



1 

V - 1 0/ 



(3.1) 



(ii) The map (L^L) 1 / 2 has the matrix representation under the basis {v±, ■ ■ ■ ,V2n}, 

(VL) 1 ' 2 = Diag(Ai, A 2 , • • • , A 2 at-i, A 2 jv), 

where \2i-1Mi = 1 and A 2 j-i < 1 < A 2 j, i = 1, • • • , N. 

(iii) Under the bases {i>i,-- - ,v 2 n} and {vi,-- - ,v 2 n} the map L has the matrix 
representation L = Diag(Ai, A 2 , • • • , A 2 tv_i, A 2 tv). 

Remark 3.2 From the arguments in |22| one can also choose the {v\, • • • , v 2 n} such 
that Afc, k = 1, • • • , 2iV in Proposition 13. lf ii) satisfy: A 2 j < 1 < A 2 j_i, i = 1, • • • ,N. 

Let (M, lj, J, g) and (M, cj, J, g) be two real 2A r -dimensional Kahler-Einstein man- 
ifolds, and let ix\ : M x M — > M and ir 2 ■ M x M — > M be two natural projections. 
We have a product Kiihler manifold (M x M, -n\oj — tt 2 lj, J, G), where G = ir\g + ir 2 g 
and J(u,v) = {Ju,-Jv) for (u,v) G T(M x M). 

For a symplectomorphism (p : (M,uj) —> (M,to) let 

S = Graph^) = {{p,ip(p))\pe M}, 
and let be the mean curvature flow of S in M x M. 



18 



Denote by SI := vrjw^, and by *Q, the Hodge star of f2|s t with respect to the 
induced metric on S$ by G. Then *fi is the Jacobian of the projection from 
onto M, and *Q,(q) = ^(e 1 ,--- ,e 2N ) for q <E T> t and any oriented orthogonal basis 
{e 1 , • • • , e 2Ar } of TgTjt. The implicit function theorem implies that *Q,(q) > if and 
only if Tit is locally a graph over M at q. 

Let g = (p,<p t (p)) £ T, t C M x M. Set L := D p ^ t : T p M -)• T Vt{p) M and 
2£ := Z^p^tK-Dp^^^-Dpyt] -5 : — )• T^u^M. Since L*L is a positive definite 
matrix, by the above arguments one can choose a holomorphic local coordinate system 
{z 1 , • • • , z N } around p, = x J + iyi , j = 1, • • • , iV, such that 

(*) {^rlpi ' ' ' j gfrflp) ap"lp> • • • > apvlpl i s an orthogonal basis of the real 2A r -dimensional 
vector space T p M, 

(ii) The complex structure J p is given by the matrix Jo in (|3.ip with respect to the 

(iii) J*L = Diag(Af , A§, • • • , ^2N-i> ^2n) W1 ^h respect to these basis, where \2i-iX2i = 
1, A 2l _i < 1 < A 2i for i = 1,... ,N. Obviously ^7 = + Jy, ^7 = 

(iv) There exists a Hermitian vector space isomorphism 

E : (T p M,u)p,J p ,g p ) -)• (T^^M, tD^^), «/<p ( (p),£^ t (p)) 
such that under the orthogonal basis of (T^^M, g^p)), 



J^ t ( p ) is also given by the matrix Jo i n (|3.ip . 
By the choose of basis, we have 



d d d d 

/ d d _ _ <5w 

#M _ 51 ^ | P , |pj — 9di — 9di — 9jd — 2 ' 

9U = 9ld = 0. 



For j = 1, • • • , iV, set 



a2i " 1 = 7T-|p and ^ = ^-\ p . ( 3 - 2 ) 
oxj oyj 



Then by (ii) above it holds that 

J p (a 2j - 1 ) = a 2j and J p (a 2j ) = -a 2 *' 1 , j = 1, • • • , N. 
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Let s' = s + (— s = 1, • • • , 2N, and let J rs := g(Ja s ,a r ). It follows that 



if r ^ s', 



r = s' . 



Fori = !,-■■ ,2N, let 



' -.(a^XiEtf)) and e 2Ar+i = — p^=( J p a\ -XiE{ J p a*)). (3.3) 



1 + A? Jl + A? 



They form an orthogonal basis of T q (M x M), and 

T g S t = span({e 1 ,--- ,e 2iV )} and A^£ t = span({e 2Ar+1 , • • • , e 47V }) 



and *ft = 0(e\ • • • , e 2Ar ) = 1/ Jfl =i(l + A 2 ) 



Proposition 3.3 ( [22], Prop. 2]) Let (M,g,J,cj) and (M,g,J,uj) be two compact 
Kahler- Einstein manifolds of real dimension 2N , and let be the mean curvature 
flow of the graph £ of a symplectomorphism cp : (M,oj) — > (M,ui). Then *S1 at each 
point q G Xt satisfies the following equation: 



d 

— * 

eft 



where 



Q(K,hjki) = ^2 hfj k — 2 ^ l) l+ ^i^j{hi>ikhj>jk — hi'jkhj'ik) 

i,j,k k i<j 

withi' = i+(-l) i+1 , andR ijk i = R{a i , a* , a k , a') andR ijkl = R(E(a i ), E(a>), E(a k ), E(a 1 )) 
are, respectively, the coefficients of the curvature tensors R and R with respect to the 
chosen bases ofT p M and T^\M as in Proposition \3.1\ 



For A = (Ai, • • • , A 2 tv) G R 2N , according to [221 P-322] let 

6 % := inf{Q(A l , h jkl ) | h ijk €R,l<i,j,k< 2N, Y. h %k = l}, (3-5) 

that is, the smallest eigenvalue of Q at A, and for A G [1, oo) let 

5 A := inf U x | - < Ai < A for i = 1, ■ • • , 2JV j , (3.6) 
A (A r ) := sup{A | A > 1 and 5 A > 0}. (3.7) 
By Remark 2 and Lemma 4 in [22] (or the proof of [221 Prop. 3]), Ao(l) = oo, and 

Q((i, ■ ■ • , i), h jk ) > 3 -^\n\ 2 = £ h% k . 
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Clearly, 5? is continuous in A, and [l,oo) 3 A — > 5a is nonincreasing. They imply 
A (N) > 1. Note that <5 A / > for every A' G [l,A Q (iV)). Indeed, by the definition 
of supremum we have a A G (A', Aq(N)) with <5a > 0. So 5\i > 5a > 0. In addition, 
(1331) and (J3JJ) imply 

inf{Q(Ai,fc iJH ) | G M, = 1, < Xi < A'} 



inf <! 5 X 



1 

A 7 



— < Aj < A'} = «5 A 



for every A' G [1, Ao(iV)). Hence we get: 

Proposition 3.4 ([22] Prop. 3]) Let Q(Xi,hjki) be the the quadratic form defined 
in Proposition \3.3\ Then for the constant Aq(N) G (1,+oo] in \3. 1^ , which only 
depends on 2N = dimM, Q(\i,hjki) is nonnegative whenever j^ Q / N \ < Aj < Ao(N) 
for i = 1, • • • , 2N . Moreover, for any A' G [1, Aq(N)) it holds that 

Q(\i,h jk i) > ^K'^2,h 2 jkl 

ijk 

whenever -k < Xi < A' for i = 1, • • • , 2N. 



3.2 The case of Grassmann manifolds 



Let <p : M = G(n, n + m; C) — > M = G(n, n + m; C) be a A-pinched symplectomor- 
phism and £ = Graph(c/?). For (p, (ft(p)) G S t , let a- 7 , j = 1, • • ■ , nm, be the chosen 
unitary base of (T p G(n,n + m;C), J p ,g p ) as in Proposition 13.11 Then 



Rijki = i?(a*,a J ,a k ,a l ), 

Rijki = R(E(a l ),E(an,E(a k ),E(a 1 )) 



(3.8) 
(3.9) 



are, respectively, the coefficients of the curvature tensors R and R with respect to 
the chosen unitary bases of T p G(n, n + m; C) and T Vt ^G(n, n + m; C). 
From Corollary 12.41 it follows that 



R 



ijkl 



R 



ijkl 



VI < i,j,k,l < 2nm. 



(3.10) 



Let (U, Z) be the local chart around p on G(n, n + m; C) as in Proposition 12.31 The 
final two equalities in Proposition 12.61 show 



R 







-R 



dX kl 
d 







p dY st 
d 



d 



dX kl 



P ' dX kl 
d 



d 



p dX st 



p dY st 
d 



p dX kl 



dX 



St 



(3.11) 



Writing 



Z n ,Z 12 , 



72m 



7 111 
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into z , z , ■ ■ ■ , z nm we have 



&k := a 



2k-l 



\p and f k -=a = — g| p 



for fc = 1, • • • , nm. Then (|3.1ip can be written as 

R{ e (k-l)m+h /(s-l)m+t) e (fc-l)m+h /(s-l)m+t) 

-i?(e (fc 

-l)m+i' e (s-l)m+t) e (fc-l)m+Z> e (s-l)m+t 

for any 1 < k, s < n and 1 < I, t < m. Clearly, this is equivalent to 



(3.12) 



(3.13) 
(3.14) 



for 1 < i,j < nm. 

Now for M = M = G(n, n + m; C), by (|3,10p we may rewrite the second term in 
the big bracket of (|3.4p as follows: 



EE 



Xi(Rikik — ^±Rikik) _ \ -« \ -* Aj(l — \\)Rikik 



k i^k 



(l + A?)(Ai + V) 



EE 



E 



A 2s -i(l — X\ r _ l )R{e s , e r , e s , e r ) 
(1 + A2 r _ 1 )(A 2s _i + \ 2s ) 



k=2i — l,i=2s— l,r^s 

A 2 s(l — ^2r-l)R(fsi e r, fs, e r 



+ E 

fc=2r-l,i=2s 

+ E 



k=2r,i=2s-l 



(1 + A| r _ 1 )(A 2a -i + A 2s ) 

Ags— i(l — A2 r )^(e s , f r , e s , f r ) 
(l + A 2r )(A 2s _ 1 + A 2s ) 



+ 



E 

r^s 



E 

k=2r,i=2s,rj^s 



A 2s (l — \l r )R(fs, f T , f s , fr) 



(l + Ai)(A 2s _ 1 + A 2s ) 

A^l-AlU) A 2s (l-A| r ) 



(A 



2s-l 



+ A 2 , 



(1 + Ai.i) 



(1 + Ai) 



+ E 



-R(e s , /r; e s , /r)(A| r — l)(A 2s — A 2s _l) 

(A 2s _ 1 + A 2s )(l + A| r ) 



E 



(A 2r — l)(A 2 s — A 2s _i) 
(A 2s _i + A 2s )(l + Ai) 



[i?(e s , fri &si fr) R\&si Cr j fir)] 



^ ] ^ j_ ^ 2 ^ 1 _j_ ^ 2 ^ [R{ e si fr-, g s , f r ) R(e s , e r , e Sl e r )] 



E* 

r=s 

*E 



(1 + Al s )(l + Al r ) 

(Aj-1)(A| S -1) 
(1 + AI S )(1 + AI,) 

(A| ~ I) 2 
(1 + AL) 2 ' 



(by (EUD 



Hence in the present case (I3.4p becomes 

J r nm , 2 _ , 2 

-*n = A*n + *n lQ(\i, h ]kl ) + 4 £ j 2 



(3.15) 



(3.16) 
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This and Proposition 13.41 immediately lead to the following generalization of \22\ 
§3,Cor.4]. 



Proposition 3.5 Let Aq = Ao(nm) > 1 be the constant defined by {3. 7| ). For any 
A G [1, Ao) it holds that 

nm , . 2 x2 

whenever ^ < Aj < A /or z = 1, • • ■ ,2nm. //ere is £/ie norm of the second 
fundamental form of . 



Recall that *Q = 1/ yYlj=iO- + ^f) = Vlliodd A"TV on where = * + 
(-l) m for i = 1, • • • , 2nm. For A > 1 and < e < l/2 nm set 



e(ran,A) = z , A(mn,e) = h 



(A + ^) mri 2" mn - e V V2 

Then e(mn, A) > and A(mn, e) > 1. Lemmas 5 and 6 in |22j showed 

— < Xi < A \/i — e(mn,A)<*Q, 

A — * — 2 mn — 

e < *f2 — r < A,- < A(mn, e) Mi. 

2 mn ~ A(mn, e) ~ v ; 

From these and Proposition 13.51 we may repeat the proofs of Proposition 4 and Corol- 
lary 5 in [22] to obtain the following generalization of them. 

Proposition 3.6 For some T > let [0, T) 3 t — > £( be the mean curvature flow 
of the graph S of a symplectomorphism ip : G(n, n + m; C) — > G(n, n + m; C), where 
G(n,n + m;C) is equipped with the unique (up to x nonzero factor) invariant Kahler- 
Einstein metric. Let *£l(t) be the Jacobian of the projection tt\ : Ht ~ * G(n,n + m; C). 
Suppose for some A £ (1, Ao(nm)) that 

1 1 If 2A \ 1 A n , . 



T/ien along the mean curvature flow *f2 satisfies 



A J *^>5 A *^|//| 2 + 4*fi^|i" / ^ i 



i2 \2 



* / ^(1 + A| S ) 2 ' 

where 5\ is given in \3.6\) . and so mins t *Q is nondecreasing as a function in t and 
T, t is the graph of a symplectomorphism ip t : G(n,n + m;C) — > G(n,n + m;C). 
In particular, if (p is A-pinched for some A € (1, Ai (mn)] \ {oo}, then each <pt is 
A' mn -pinched along the mean curvature flow, where A' mn is defined by ( tl.ffj) . (Note: 
A' mn = Ao(mn) if A = Ai (mn) < oo.) 

Remark 3.7 Let (M,uj, J, g) be a compact totally geodesic Kahler-Einstein sub- 
manifold of (G(n, n + m; C), h) (e.g. (G ll (n, 2n), /in) and (G m (n, 2n), /im) are such 
submanifolds of (G(n, 2n; C), hi)), dimM = 2N. By Corollary 12.51 we immediately 
obtain corresponding results with Propositions 13.51 and 13.61 
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3.3 The case of flat complex tori 

The following proposition is actually contained in the proof of Corollary 3 of \22\ 
p. 320]. We still give its proof. 

Proposition 3.8 If M and M are real 2n- dimensional Kahler manifolds with con- 
stant holomorphic sectional curvature c > (hence are Einstein and have the same 
scalar curvature), then 

2\2 1 



±*n = A*n + *n\Q(\ i ,h jkl ) + cJ2 



Proof. With the choice of bases of T p M and Tf^M, (we shall suppress \ p in -^~f\ p 
and ipr\p, r = 1, • • • , n for simplicity), it is easily computed that 



Rikik = R{a\a j ,a k ,a l ) 



R(~dW> a! 5 '' at 77 ' a! 5 ') if « = 2r — 1,/c = 2s — 1, 

^(ftF 7 ' dy^i aF 7 ' ap 7 ) if « = 2r — 1, fc = 2s, 

^(a/ 77 ' aF' a"/ 7 ' aF") if ^ = 2r, = 2s — 1, 

. ^(a/ 77 ' aF' a"/ 7 ' sp) if ^ = 2r, & = 2s. 



Plugging ^7 = ^7 + ^,^7 = 1(^-^7) into the above equalities we get 

■E^ikik — Rrsrs ~f~ ^srsr Rfssr ■^srr's (3.17) 

if (*, jfe) = (2r - 1, 2s - 1) or (i, k) = (2r, 2s), and 

f^ikik (-^rsrs -^srsr -^rssr -^srrs) 

if (i, jfe) = (2r - 1, 2s) or (t, k) = (2r, 2s - 1). Note that 

t 9 d Sid 
9id = 9{-Qj,-g=d) = 9ai = 9di = 9i d = y> m = 9id = 

and that the nonzero components of the Riemannian curvature in the complex local 
system z l ■ ■ , z n are exactly -R^f and Moreover, 

on the Kahler manifolds of constant holomorphic sectional curvature c (by Proposition 
7.6 of [13, p. 169]). From ([HTTP we derive 



Rikik ^ 

This shows that 



-f (5 rs - 1) if (i, k) = (2r - 1, 2s - 1) or (i, jfe) = (2r, 2s) 
K35 rs + 1) if (», fc) = (2r - 1, 2s) or (i, k) = (2r, 2s - 1) 



Rikik = j(38iki + 1) Vi / k. 
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Plugging into (|3.4jl yields 



dt 



d 



*n = A*n + *n lQ(\i,h jk i) + 



k i^k 



A f (l-A%)(l + 3M 

{i + xDiXi + Xv) 



= A*n + *nlQ(Xi,h jk i) + cY^ 



k odd 




□ 



As in the proof of [221 §3, Cor. 4], from this and Proposition 13.41 we immediately 
get the following result. 

Proposition 3.9 Under the assumptions of Proposition HOI for any A G [1, Ao(n)) 
it holds that 



mental form of . 

From now on we shall assume c = 0. In this case we can improve the pinching 
condition. 

Proposition 3.10 Under the assumptions of Proposition Iff.ffl if c = and <p is 
A-pinched with A G [l,oo) then ipt is still A-pinched on [0, T), i.e. 



Here [0, T) is the maximal existence interval of the mean curvature flow, and T > 
or T = oo. 

Proof. Since Aj, i = 1, • • • , are singular values of a linear symplectic map, we have 
j- G {Ai,-- - , X2n} for i = 1, ••• ,2n. (See Lemma 3 of [22J ) . So the question is 
reduced to prove 




(3.18) 



whenever i < Aj < A /or i = 1, • • • , 



2n. Here \II\ is the norm of the second funda- 





We shall use the method in [31, Section 4] and [30] to prove this. 
Let a 3 , j = 1, • • • , n be as in Proposition 13.31 with N = n. Set 




1 



2n+i _ 



1 



25 



for i = 1, • • • , In. Identifying the tangent space ofMxM with TM © TM, let tti 
and 7T2 denote the projection onto the first and second factors in the splitting. Then 

/ i\ a% i %\ \E(a l ) 

7Ti(e l ) = , 7r 2 (e*) - 



/ 1 + A 2 ,/iTa 2 



for i = 1, • • • ,2n. Let us define the following parallel symmetric two-tensor S by 
a/ y v , _ A 2 (vr 1 (X), 7 r 1 (y))-^ 2 (X)^ 2 (y)) 

>^H A > I ) - 

for any X, Y £ T(M x M), where S > is a parameter determined later. Then 



(A 2 - Xi\j)5ij 



A 2 += • ^(i + A 2 )(l + A 2 )' 
S ri 2n +j ) :=S(e r ,e 2n+ i) 



r 2n+n _ (A 2 + A r A J -)^v(-iy+ 1 



A 2+S.^ (1 + A 2 )(1 + A 2 ) 

c Qf^n+i c 2n+i\ _ (A 2 — XjXjJSjj 

b(2n+i)(2n+j) •— o[e ,e ) — 

a 2+s -,/(i + a 2 )(i + a 2 ) 



for i, j, r = 1, • • • , 2n, and the matrix S = (Ski)i<k,i<4n can be written in the block 
form 

( B- I ) 

where A — D — Diag( JS^iy ' ' ' .A^flU))- So 

A is positive definite on S t if and only if A 2 — A 2 > 0, i = 1, • • • , 2n. (3.19) 

Obverse that e , • • • , e 2n forms an orthogonal basis for the tangent space of 
As in [31] Prop. 3. 2], the pullback of S to S t satisfies the equation 

Vjj. — haliH a Slj h a jlH a Sn + T^kikaSaj ~i~ T^-kjka^ai ,^ 

+ h a klh a kiSlj + h a klh a kjS[i — 2h a kihpkjSaP 

for i,j = 1, • • • ,2n, where A is the rough Laplacian on 2-tensors over Et, /ly^ = 
G(V^ xM e j ,Je k ), and 7£fcifc a = TZ(e k , e l , e k , e a ) is the component of the curvature 
tensor 7£ of (M x M, G) with J" and G = 7r*# + as in Section 3.1. 

Consider the 2n x 2n matrix (Sy) := (S(e l , e )-i<ij<2n- By (|3.19p we only need 
to prove 

> at t = => (5 fj ) > in [0, T). 
This can be directly derived from the following analogue of [31} Lemma 4.1]. □ 
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Proposition 3.11 Letx n+l = y\ i = 1,- • • ,n, and = g{-£p, gfj), i,j = !,■■■ ,2n. 
For any given e > 0, there exists a parameter 5 > smc/j that the condition (T^) := 
(Sij) — e(gij) > is preserved along the mean curvature flow. 

Proof: Let a = In + \i and /3 = 2n + f , fi, v = 1, • • • ,2n. As in [51] , (|3.2l)p yields 

— h a nH a Tij h a jlH a Tn + T^kika^aj ~i~ Ti-kjkaSai ,^ 
"I" h a klh a kiTij + h a klh a kjTn + 1eh a kih a kj ^hakihfikjSafi- 

Let iVy denote the right hand side of P^TD . A vector V = (V 1 , • • • , F 2n ) is called 
a null eigenvector V of the matrix (Ty) if ^jTijV 3 = Vi. By the Hamilton's 
maximum principle [101 Theorem 9.1], if we may prove 

.Y, ; r ; r ; > o 

for any null eigenvector V of the matrix (Tjj), then the fact that (Ty) > at t = 
implies that (Ty) > on [0, T), i.e. Proposition 13.111 holds . 

By a direct computation we only need to prove that at t = 

+2 ^,,/,, l .S' 0/ \-'l-' > (3.22) 

i,j,k,a 

for any null eigenvector V = (V , • • • , y 2n ) of the matrix (Ty). It is easily estimated 
that 

2 hakihpkjSapV^i 

i,j,k,a,/3 

i,j,k,iJ,,v 

^ h2n+n,kih2n+v,kj(A 2 ~ AjjA^)j^V^V^ 

«^ A2+= • /(i + A 2 )(l + A 2 ) 



= 2 ^ ^ (S ^n+M,fc^2n+ M ,fcj^y 3 ) A2+5 , M + A 2 ) 

/ \ A 2 - A 2 

^ 2 S S(S ^n+M.fci^n+M.fci^^J ^ A 2+5. Q + A 2 ) 

V k i,j v ^ ^ 

— Z h2>n + ^kih2n+n,kjV % V^ ■ 

i,j,k,fi 

Here in the first inequality we used the facts 

• Z^i( a ^i) < (Si a i)(I]i^) for a « > 0,6j > 0, and 
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and the second one comes from the inequality 

A 2 - A 2 s-. A 2 2n 

2^ a 2 + s • (1 + A 2 ) - ^ A 2 ^ - A 1 " 

So the first sum in the right side of (13. 22ft becomes 

J2 [2eh aki h akj V l V j -2^h aki hp kl S a(3 V i V j 

i,j,k,a /3 

> ^2 h2n+fj,,kih2n+n,kjV l V 3 ' (^e — -^j 
i,j,k,fi 

because a = 2n + \x and /3 = 2n + v, [A, v = 1, • • • , 2n. 

For a given e > we can choose H > so large that e — ™ > 0. Then (13. 22ft is 
proved if we show 

2 ^kikaS^V 3 > 
i,j,k,a 

for any null eigenvector V of the matrix (Tjj). But this is obvious because (M x M, G) 
is flat and hence 7Z = 0. □ 

From Propositions I3.9[ 13.101 we immediately obtain the following strengthen ana- 
logue of Proposition | 



Proposition 3.12 For some T > let [0, T) 3 t — > be the mean curvature flow 
of the graph S of a symplectomorphism ip : M — >■ M ; where M and M are Kahler- 
Einstein manifolds of constant holomorphic sectional curvature 0. Let *Q(t) be the 
Jacobian of the projection n\ : E$ — > M . For the constant Ao(rt) in \3. 7p and any 
A 6 [1, Ao(n)), i/</3 is A-pinched initially, then *S1 satisfies 

— — A) *Q> 5 A *n\ii\ 2 

at J 

along the mean curvature flow, where 5\ is given in \3. 6\) . In particular, minx; t *0 is 
nondecreasing as a function in t. 



4 Proofs of Theorems ED, EH and E5 
4.1 Proofs of Theorems O, Q 

Using Propositions 13.51 and 13.61 (resp. Remark I3.T() and almost repeating the argu- 
ments in §3.3, §3.4 of [22J we can complete the proof of Theorem 11.11 (resp. Theo- 
rem [O]). 
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4.2 Proof of Theorem EES 
4.2.1 The long-time existence 



Embedding M x M into some R isometrically, as in [22] the mean curvature flow 
equation can be written as 4?F(x, t) = H = H + V in terms of the coordinate 
function F(x,t) G R N , where H G r St (M x M)/T£ t and 77 G T^R^/TEt are the 
mean curvature vectors of S t in M x M and R^, respectively, and V = —IlM^a, e a )- 
Suppose by a contradiction that there is a singularity at space time point (yo>^o) £ 
x R. Let d\it denote the volume form of £t, and let 

1 / — 1 2/ — yo 1 2 



co-t)) n ' eXP V 4(to-t) 
be the backward heat kernel of P( yo ,t ) a ^ (z/o ? *o ) - Under our present assumptions, 
as in [22j page 328] we can still use Proposition 13.121 to derive the corresponding 
inequality of [22j page 328], that is, 



d f 

— J (1 - *O)p ( j /0jt0) d/xt 

< -5 A y *n\\ii\\ 2 P[yo>to) dn t - J {i - *n) P{ 



f ± - v 2 

+ H + - 



2(to - t) 2 



/ 



||F|| 2 

(i - *n)p( W) ,t )— : — dm 



4 

Then the expected long-time existence can be obtained by repeating the remain 
arguments on the pages 328~330 of [22] , 

4.2.2 The convergence 

Let <p : M — > M be a A-pinched symplectomorphism with A G (l,Ao(ra)). Take an 
arbitrary Ai G (A,Ao(ra)). 

Lemma 4.1 (Djokovic inequality): 



tanx 



> x + |x 3 , if < x < §, 

< x + f(a)x 3 , ifO < x < a < § 



2 ' 



w/iere /(a) = tan a °~ a ; in particular /(|) < |. 

The following lemma is key for us. 

Lemma 4.2 For every Ai G [l,Ao(n)) i/iere exists o Ai > 1 sue/t i/iai /or every 
A G (l,Ai) we have k,l > to satisfy 




2 -(A + X r, (4.1) 

^Ai > tan(/c(^) ; ) 
10 " ' 

| > * ■ > * • (t^t^)' > t/ (4-3) 
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,1/2 

1 - 1 



Moreover Ai > ( 2 e Xp (Hl^) + 2exp (~.) ^ xp (Hl^ 
Its proof will be given at the end of this section. 

By the assumption of Theorem 11.31 we have Ai G (A, Ao) such that A < K%. Fix 
this Ai below. By Proposition 13.121 we have 

^_*n > a*o + <5 Ai -*n- \n\ 2 . (4.4) 

From )34| Section 7] we also know that 

j t \II\ 2 = A\II\ 2 - 2|V//| 2 + 2 [(V dk R)s ijk + (V dj R)skik)] h sij 

^Jilij khslk^sij &Rs tjk^tikhsij 
—^Rlkikh s Ijhsij ~\~ ^Rsktk^tijhsij 

+2 

s,t,i.m k 

+2 Yl C^ h sijhsmk? , (4.5) 

i,j,m,k s 

where R is the curvature tensor and V is the covariant derivative of the ambient 
space, s = 2n + s. Now on one hand 

2 ^2 Cy^jjhsikhtmk — hsmkhtik)) 2 + 2 (^~] h s ijh sm k) 2 

s,t,i,m k i,j,m,k s 

< 4 E [(Eim 2 xEi^i 2 ) + ( E l^mfc| 2 )(E \htik\ 

s,t,i,m k k k 

+2 E(E^)(E^ 

i,j,m,k s 

= 8 ^ /i 2 ifc ^ /i 2 , mfc + 2(^ /isij)( E ^ 

s,i,fc t,m,k s,i,j s,m,k 

= 8|//| 4 + 2|//| 4 = 10|//| 4 , (4.6) 
where the first inequality comes from 

{^~](h s ikhtmk — h sm khtik)) 
k 

— (y](\hsikhtmk\ + \h S mkhtik\)) 2 
k 

< ((E i^i 2 )^E i^i 2 ) 1 + (E \ h smk\ 2 )kYl Kki 2 ) 1 *) 2 

< 2[(j2 im 2 )(E i^ fc i 2 ) + (E i^i 2 )(E i^i 2 )] • 

k k k k 

This and (|Q|) - (0]l lead to 

j t \II\ 2 < A|//| 2 - 2|V//| 2 + 10|//| 4 . (4.7) 
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2- 



7 2 ' 
°smk/ 



7 2 ' 

b srakj 



We hope to prove that maxs, \II\ 2 — > as t — > oo. To this goal, for positive 

\JJ\2 

numbers k, I, s determined later let us compute the evolution equation of [ sin (fc(Jn)')]° 
as follows: 

d ( \ 
dt \[s\n{k{*£l) l )] s ) 

1 d\II\ 2 s-k-l(*ny- l \II\ 2 cos(k{*tt) l )d*n 

[sm(k(*n) l )] s dt [sin(A;(*n) J )] s+1 dT' 

A ([sin(yt(*0)')] s ) 

A\II\ 2 s-k-l- \II\ 2 ■ i*^) 1 - 1 ■ cos{k(*n) 1 ) ■ A * n 
[sin(A;(*S^) ; )] s [sin(A:(*0)')] s+1 

2s-k-i- v|//| 2 • (*»)*-* • cos(fc(*^) / ) • v * n 

[sin(A;(*n) I )] s+1 

s -k 2 -i 2 • \n\ 2 • (*n) 2l ~ 2 • sm{k(*Q) 1 ) • |v * n\ 2 

+ [sin(fe(*fi) z )] s+1 
s ■ k ■ I ■ {I - 1) • \II\ 2 ■ (*n) 1 - 2 ■ cos(k(*tt) 1 ) • |V * ^| 2 
[sin(fc(*fty)] s+1 

s ■ (s + 1) • k 2 ■ i 2 ■ \n\ 2 ■ (*n) 21 - 2 • (cos(fc(^)')) 2 • |v * n\ 2 

+ {sm{k(*n) l )} s + 2 
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and hence 



y dt J \[sm(k(*n) l )] s 



1 



d 



[sm(k(*n) l )] sy dt 



+ 



+ 



s ■ k - l ■ \II\ 2 • (^y- 1 • co S (fc(*n) f ) d 

[sin(A:(*0)')] s+1 ( ^ _ 

4 • s • k ■ i ■ \n\ ■ v\n\ ■ ^ny- 1 ■ cos(k(*n) 1 ) ■ v * n 

[sin(A:(*0)')] s+1 

s -k 2 -i 2 - \n\ 2 ■ {*n) 2l ~ 2 • sin(fc(*n) f ) • | v * n\ 2 

[sin(A;(*f])')] s+1 
s ■ k ■ I ■ {I - 1) • \II\ 2 ■ (*n) 1 - 2 ■ cos(k{*fl) 1 ) • | v * n\ 2 
[sin(fc(*fiy)] s+1 

8 ■ (s + 1) • k 2 ■ i 2 ■ \n\ 2 ■ (*n) 2l ~ 2 ■ (cos{k(*n) 1 )) 2 • |v * n\ 2 



sin 



{k(*n) l )] s + 2 



< 



+ 



-2|V//| 2 + 10|//| 4 

[sin(A:(*^)0] s 
s-k-l-S Al - |/J| 4 • • cos(fc(*0)Q 
[sin(A;(*f])')] s + 1 

4 - s ■ k ■ i ■ \n\ ■ v\n\ ■ ^n) 1 - 1 • cos(k(*n) 1 ) - v*n 



(by 



[sm{k(*ny)} s+1 

+(the last three terms) 



-2|VJJp 



+ 10[sin(£;(*ft) z )] s 



[sin(lfe(*«) 1 ) 



[sm(k(*n) l )} s 



-s-k-l-S Al - ■ cos(k(*n) 1 ) ■ [sm(k(*n) 1 )] 



l\-\s-l 



I //I 



[sin(A;(*n) J ) 



+ 



4 • s ■ k ■ i ■ \n\ ■ v\n\ ■ (*ny^ ■ cos(k(*n) 1 ) - v*n 

[sin(A;(*Sl)')] s+1 
+(the last three terms). 



Note that the Cauchy-Schwarz inequality implies 

2 

2n / 2n \ 

|2 



|V|//||- 



E v, 



i=i 

2n 



2n 

E *?« 



2d 



E 

i=l 



2\II\ 



i=i y j5 fc,z 1 1 j,k,i 
< Y / (d i h jkl ) 2 = \VII\ 2 . 

i,j,k,l 
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The term in fj4.8f) becomes 

4-s-k-i ■ \n\ ■ v\n\ ■ ^n) 1 - 1 ■ cos(k(*n) 1 ) -v*n 



< 



< 





[sin(ife(*n) l )] a+1 






4-s-k-l- \II\ 


|V|//|| • i*^ 1 - 1 ■ cos(k(*n) 1 ) 


•|V 


*n\ 




[sin(A;(*fi)0] s+1 






4-s-k-l ■ \II\ 


|V//| • • cos(k{*n) 1 ) ■ 


|V* 


0| 



[sm(k(*ny)Y 

2 

- [sm(k(*ny)Y 

2\VII\ 2 

[sm(k(*ny)Y 

Hence we arrive at 

, d 



[sin()fc(*fi)0] s+1 

s-k-i- \u\ • i*^) 1 - 1 ■ cos{k(*n) 1 ) -\v*n\ 



|V//| 



Edn(A;(*n) 1 ) 

s 2 -k 2 -i 2 - \n\ 2 ■ (*n) 2l ~ 2 ■ (cos(k{*ujy)) 2 ■ |v * n\ 2 



+ 



(sm(k(*ujy)) 2 

2- s 2 ■ k 2 ■ i 2 ■ \n\ 2 ■ {*n) 21 - 2 ■ (cos(k(*ny)) 2 ■ | v * n\ 2 



+ |V//|' 



{sm(k(*ny)) 



l\\s+2 



A) 



sm(k{*n) l )] s 

\II\ 2 



< W[sm(k(*n) l )} s 



+ 



+ 



[sm(k(*Q) l )] s 

-s-k.i.5 Al . (*n)' • ooB(fc(*n)') • [smWrfi) 1 )]- 1 K[sHkW)]s 

2 • s 2 ■ k 2 ■ i 2 ■ \n\ 2 ■ (*n) 2l ~ 2 ■ {cos(k{*n) 1 )) 2 ■ |v * n\ 2 

(sm(k(*ny)) s + 2 
s -k 2 -i 2 - \n\ 2 ■ {*n) 2l ~ 2 • sm(k{*n) 1 ) • | v * n\ 2 

[sin(A;(*f]) i )] s+1 

s ■ k ■ i ■ (i - 1) • |//| 2 • (*ny- 2 ■ cos(k(*ny) ■ I V * fi| 2 

[sin(A:(*fi)0] s+1 
s • (s + 1) • fc 2 • I 2 • |//| 2 • (*ft) 2 '- 2 • (cos(£;(*0)')) 2 • | V * fl\ 2 



l\]s+2 



+ 



[sin(fc(*fi)')]- 
a-fc-Z- (*^) / - 2 |//| 2 |V*0| 2 



[sin(A;(*O)0] 
sin(A;(*0)')] s ~ 1 • [10 • sin(A;(*0)') 



s ■ k ■ I ■ 5\ 1 ■ ■ cos(k(*n) 1 )] 

[( s - 1) ■ k ■ i ■ (*ny ■ (cos(k(*ny)) 2 



[sm(k(*ny)} s + 2 

k-l- (*n) 1 ■ (sm{k(*n) 1 )) 2 + (/-!) cos(k(*n) 1 ) sm(k{*ny)}. 
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Take s = 1 we obtain 

I 71 ' 2 ) (4 9) 

< (— jSwy) " [10 ■ siuC^n)') - fc ■ J • * Al • • cos(fc(*n)')] 

+(/ - 1) cos(£;(*0)') sin(fc(*ft) z )] . 
Claim 4.3 If the positive numbers k,l satisfy \J^. i| j-( f^3[ ) in Lemma \4-S\ then 
10sin(fc(*fi)') — k ■ I ■ 5a 1 • • cos(fc(*fi) z ) < 

and 

(/ - 1) • cos(A;(*0)') - k ■ I ■ {*fl) 1 sin(fc(*fi)') < 0, 

£/ia£ is 



(4.10) 



/or any *fl£ f™, j_ ] with 1 < A < Ai. 

A+ A 

We put off its proof. Then (I4.9P becomes 



12 \ 2 



< ( s j5] 0) n ) [W ■ sm(k(*n) 1 ) - k ■ I ■ 5 Al ■ (*n) 1 ■ cos(k(*n) 1 )}. 



L(3t ^ = sinjffn).) and 



K\ := max 

*Qe[ — K — ,A] 



10 • sin(A;(*fi) i ) - k ■ I ■ 6 Al ■ ■ cos(k(*n) 1 ) 



By Claim E2 #i < and 

, d 



^-A)g<K 1 -g 2 . (4.11) 
Consider the initial value problem 

^ y = K 1 - y 2 and y(0) = max So g. (4.12) 

The unique solution of it is given by y(t) = i_y$K lt - By (|4.1ip - (|4.12p the comparison 
principle for parabolic equations yields 



\II\ 2 

! jt < y(t) Vt > 0. (4.13) 



sm(k(*n) 1 ) 
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Since (14, 3p implies that the function 

1 1 



(A+ l)n'2" 

is bounded away from zero, we derive 



3 *n -> sm(k(*n) 1 ) 



maxl/ll 2 < sin(fc(— )') ^ > 0, t -> oo. (4.14) 

The desired claim is proved. So up to proofs of Lemma 14.21 and Claim 14.31 we 
have proved that the flow converges to a totally geodesic Lagrangian submanifold at 
infinity. 

Proof of Claim [4. 31 Fix the positive numbers k, I satisfying (|4.ip - (|4.3p in Lemma [4.2i 
By (14. 3p we have 



1 > k . ( ly > k . un) 1 > k • ( — ^-y > \h^—^ 

2 y 2 n > ~ y ' ~ y (A + \) n> ~ V 2 



because *Q G [ ^ A+ \ ^ w ; jpr]- Note that 



y/21-3 A , 1 

mf <^ x(x + -x 3 ) > 1 



< x < vr/2 ^ » 0.8895436175241 



V 2 { v 3 

sits between 3 5 g 17 and 3 5 3 16 . By Lemma I4~T1 (the Djokovic inequality) we get 



k ■ (*n) l (t&n{k(*tt) 1 )) > k ■ (*Q) l (k ■ {*n) L + -(k ■ {*n) 1 ) 3 ) > 1 > 



Z-l 



3 X v ' ' ' ~ I 7 

that is, the first inequality in (|4.10p . Similarly, the second inequality in (|4.10p follows 
from (I4.2p . Claim [4731 is proved. □ 

Proof of Lemma 14.21 For conveniences we set r := r(A) = A + -r, which is larger 
than 2 because A > 1. Since 5 > y ^^T 3 we may fix a small e > such that 



7T 7T 

> - - e > 



V21- 3 



2 2 V 2 

Set a = f - e. Then (jHJ holds for any 



^ln(a/^p) 

More precisely, such a Z satisfies 



„„i . / \/2~T — 3 „/ 
a ■ 2 > \ t . 
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Hence we can always take k = k\ > such that 



. T nl <k<a-2 nl 



or equivalently 



> a > k •(—)'> k- ( = — ) > \ • (4.16) 

2 y 2 n> V (A + - V 2 v ; 

By the Djokovic inequality 
if • (4r)' < a. So (14.2p holds if > and I > are chosen to satisfy 



10 

or equivalently 



/,)Al >l + f(a)a 2 >l + f(a)(k(±-) 1 ) 2 (4.17) 



l>-^-(l + f(a)a 2 ). (4.18) 
<JAi 



Hence we can take I > to satisfy (|4.15p and (|4.18p if 



ln(a/V^) 10 

" ' >—•(! + /(a)a 2 ). (4.19) 



re In ^ 5a 1 
Since the function 

(l,oo) ->■ R, A^A + - 

A 

is strictly increasing, log 5 — )• + as A — > 1 + . Hence for a given 



7T 

- > a > 



v 7 ^- 3 



2 V 2 

there exists the largest > 1 such that (f^7T9|) holds for t = r a = h[ a) + 1 /A^ , 
i.e. 



r ^ ^jW^H . 10n r a 

0(a) : = > .in (4.20) 

tan a 0a x 2 



Of course, (I4T201) also holds for for every r = A + ± with A G (1, A[ a) ). Then 



Ai = sup 



^/24 3 7T * 

< a < — and (|4.19p holds for r = r a 



V 2 2 
satisfies the desired condition. In Appendix [X] we shall prove 
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Claim 4.4 There exists a unique ao £ ( 



^ such that 



2 ' 2 - 



g(a ) = supl g(a 



V21- 3 



< a < 



Moreover a ~ 1.238756 and g(a ) « 0.141446. 
Hence Ai > A^ a °\ where A^* ' 1 is determined by 



. . lOn 
s("o) = 



ln(A[ Q<,) + ' 



A 



Oo) 



In 2 



or more precisely 



A 



Oo) 



2 exp 



ff(ao)£Ai 



5n 



+ 2exp( 



lOn 



1 ■ ' exp ' 



5n 



1/2 



1 - 1 



5n 



lOn 



5n 



This completes the proof of Lemma 14.21 □ 

In summary the proof of Theorem 11.31 is complete. 



□ 



5 A concluding remark 



Carefully checking the proofs of Theorems l 1 . 1 \ [L2l we find that our real 2n-dimensional 
compact Kahler-Einstein manifolds (M,ui, J, g) all satisfy the following three condi- 
tions (A), (B) and (C): 

(A) The curvature tensor R is constant on subbundle 

{(X, JX, Y, JY) | g(X, Y) = 0, g(X, JY) = 0, g(X, X) = 1 = g(Y, Y)}. 

In other words, for any p,q 6 M and any unit orthogonal bases of (T p M, J p , g p ) and 
(TqM,J g ,g q ), {ai,-- - ,a 2 „} and{a' 1; --- ,a' 2n } with a 2k = J P a 2k -i and a' 2k = J q a' 2k _ v 
k = 1, • • • , n, it holds that 

R(a,i,a k , ai, a k ) = i?(a-, a' k , a-, a' fc ) VI < i, & < 2n. 

If (M,oj, J,g) is also homogeneous, this is equivalent to the following weaker 
(A') For any p £ M and any unit orthogonal bases of (T p M, J p , g p ), {a\, ■ ■ ■ ,a 2n } 
and {a^, • • • , a' 2n } with a 2k = J p a 2k -\ and a' 2k = Jga' 2k _ 1 , k = 1, • • • , n, it holds that 
R(ai,a k ,ai,a k ) = R(a' i ,a' k ,a' i ,a' k ) for all 1 < i,k < 2n. 

(B) Re(i?(X,F,X,F)) < for any X,Y G T^M. 
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(C) The holomorphic sectional curvature is positive, i.e. 3co > such that 

(U— \/ — Uu U + \/—Uu U — y/—Uu U + \J—\Ju \ 

R{u,Ju,u,Ju) = -4R\^ , , - , - )> c 

for any unit vector u £ TM. 

By Propositions [2J] [272] and Corollaries \2A\ [2751 the manifolds (G(n, n + m; C), h), 
and (G ll (n, 2n), h\\) and (G m (n, 2n), hm) satisfy these conditions. On the other 
hand, from (|2.14p we see that (G IV (1, n + 1), hiy) does not satisfy the condition (B) 
though the condition (C) holds for it. Actually, in addition to irreducible Hermi- 
tian symmetric spaces of compact type, there also exist countably Kahler C-spaces 
associated with a complex simple Lie algebra of classical type that have positive 
holomorphic sectional curvature. 

We may obtain the following theorem, which generalizes Theorems II. 1[ ll.2[ but 
partially contains 11.31 

Theorem 5.1 Let (M,uj, J, g) and (M,iJj,J,g) be two real 2n- dimensional compact 
Kahler- Einstein manifolds satisfying the above conditions (A) and (B). Then for any 
A-pinched symplectomorphism ip : (M, uS) —¥ (M,lj) with A G [1, Ai(n)] \ {oo}, where 
Ai(ra) is given by M.l}) , the following conclusions hold: 

(i) The mean curvature flow of the graph of ip in M x M exists smoothly for all 

t > 0. 

(ii) Y*t is the graph of a symplectomorphism ipt for each t > 0, and ift is A' n -pinched 

along the mean curvature flow, where A' n is defined by lil.ty) . 

(iii) // A < Ai for some A\ G (A, Ai(n)] \ {oo}, where Ai > 1 is a constant deter- 
mined by Ai and n (see Lemma \4~!fy , then the flow converges to a Lagrangian 
submanifold of M x M as t — > oo. 

(iv) The flow converges to a totally geodesic Lagrangian submanifold of M X M 
and ft converges smoothly to a biholomorphic isometry from M to M as t —> oo 
provided additionally that (M, cj, J,g) and (M,o), J, g) satisfy the condition (C). 
Consequently, the symplectomorphism (p : M — )■ M is symplectically isotopic to 
a biholomorphic isometry. 

In order to prove it we start with two simple lemmas. 

Lemma 5.2 Let R be the curvature tensor of a Kahler manifold (M,g, J,uj) of real 
dimension 2N. For any local holomorphic coordinate system (z ,z n ) on it, let 
Rrsrs = R(-£f, gfy, gfr, -g=s) and z s = x s + y/^Ty s , s = 1, • • • ,n. Then 

R /_d d d d_\ _ R f_^ 9 d d_\ __ _ 4Re ^ _ _n Vr 

V dx s ' dy r ' dx s ' dy r J V dx s ' dx r ' dx s ' dx r ) 



Ln particular, we have 



d . 

R[ t: — j — j — i 7^ — ) = —^Rssss Vs, 
>oi s oy s ox s oy s 
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that is, the holomorphic sectional curvature in the direction q xS is given by 

jj j 9 n 4:R S g S g 



Proof. Since the only possible non-vanishing terms of the curvature components are 
of the form Rfj^j and those obtained from the universal symmetries of the curvature 
tensor, it is not hard to prove that 

/ d d d d \ 
\dx~ s ' Th/' dx 1 ' £hf) 

f d ^ d ^ — -/ d d \ d ^ d ^ — -/ d d 



and 



dz s dz s ' V dz r dz r ' ' dz s dz s ' V dz r dz T 

rsrs + R srsr ~\~ Rrssr -^srrs) 



R 



d d d d 

dx s ' dx r ' dx s ' dx r 



^,dd d t d d t d d t d 
< dz s dz s ' dz r dz r ' dz s dz s ' dz r dz r 

Rrssf Rsrr~E' (p'ty 



Note that R r srs = Rsrsr = Rsrsr- It follows from this and (|5.ip - (|5.2p that 
^/ d d d d \ ^/ d d d d 



dx s ' dy r ' dx s ' dy r ) V dx s ' dx r ' dx s ' dx 7 

— ^Rr'srs ^Rsrsr — ^R&\Rrsrs)' 

The second equality may be derived from (|5.ip directly. Lemma 15.21 is proved. □ 



Lemma 5.3 Under the assumptions of Lemma \5.2[ if (M, g, J,uj) also satisfies the 
condition (B), then Re(R r srs) < for all 1 < r, s < n. 

Proof. Set X = Ya=i u i~&? an< ^ ^ = Sj=i v j^J with Ui, Vj £ C. Then 

(jri s~l s~l s~i \ 

Ui ^ i,1Jj W ,Uk dz^ ,1Jl d¥) = ^ UiUkl] ^ R m 

i,j,k,l=l i,j,k,l=l 

and 

(s-J s~l >J f-i \ 

i,j,k,l=l i,j,k,l=l 
SillCe R jilk = %fel We § et 

n 

R(X,Y,X,Y)+R(Y,X,Y,X) = ^ (uiU k VjViR iWl + mukvyuiR^ 

i,j,k,l=l 

= R(X, Y, X, Y) + R(X, Y, X, Y) 
= 2Re(R{X,Y,X,Y)). 
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Taking X = -q—?, Y = ^p-, the desired results are obtained. □ 
The following proposition implies Theorem I5.1f i) and (ii). 

Proposition 5.4 Let (M, u, J, g) be a real 2n- dimensional compact Kahler- Einstein 
manifold satisfying the conditions (A) and (B). Then for any symplectomorphism 
ip: M -+M it holds that 



along the mean curvature flow Ej of the graph £ of (p. Furthermore, iff is A-pinched 
for some A G (l,Ai(n)), then the symplectomorphism ipt : M — > M, whose graph is 
Tit, is h! n -pinched and 



along the mean curvature flow. In particular, mhi£ t *£l is nondecreasing as a function 
in t. 

Proof. By the condition (A), Rikik = Rikik Vi, Hence the second term in the big 
bracket of (|3.4p can be written as follows ( omitting \ p in -£^\ p and -£?\ p ), 



— *tt>A*tt + *n- Q(Xi, hjki) 



(5.3) 




(5.4) 




k i^k 



(5.5) 



k=2r—l,i=2s—l,r^s 







+ 



k=2r,i=2s,rj^s 
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r. s 



{\\ r — lXAgs — Ags-i) 
(A 2s -i + A 2s )(l + A| r ) 



R( ® ® ® ® ) R( ® ® ® ^ ' 
dx s ' dy r ' dx s ' dy r dx s ' cte r ' dx s ' cte r ; 



(Aj-lKAj-l) 
^(1 + A| s )(l + A| r ) 

(Aj r - l)(Aj - 1) 
(1 + A| s )(l + A| r ) 



(1 



, d d d d , d d d d 

dx s ' dy r ' dx s ' dy r dx s ' <9x r ' dx s ' cte r 

. 9 d d d d d d d 

dx s ' dy r ' dx s ' <9y r <9x s ' dx r ' cte s ' dx r 



(Ai-i)(AL-i) 



, s (i + AL)(l + A| r ) 
(A| r - 1)(A| S - 1) 



9 9 9 <9 <9 5 9 9 

^dx^'dy^'dx^'dy^' - ^dx*' Ikf' Th*' ~dx r 



(1 



r=£s 

> 



(1 + Ai)(l + Ai) 



[-4Re(^)] + E ?I 



(A| r -1)(AL 



1) 



(1 + A| s )(l + A| r 



-4Re(E s3s5 )] 



because of Lemmas 15,21 15.31 and our choice that A 2 j-i < 1 < A 2 «, i = 1, • • • , n. This 
leads to flO}. 

Now if (/? is A-pinched, then ^ < Aj(0) < A for i = 1, ■ • • , 2n. Since Ai(n) < Ao(n) 
in the case Ao(n) < oo, by Proposition 13,41 we get <5(Aj(0), hjki) > 5\ ^2ijk ^jkl anc ^ 
hence 

— - A | *n > at t = 0. 
dt J ~ 

Note that Lemma 5 of [22] implies that ^ — €-{n, A) < *J2 at t = 0, where e(n, A) = 
Then repeating the proof of Proposition 4 and Corollary 5 in |22j we 



may get ([57 



□ 



Using this proposition we may prove the long-time existence in Theorem 15.11 (i) 
as in [22, §3.3] (or that of Theorem [H]) . 

The proof of Theorem I5.1l (iii). The idea is similar to that of Theorem 11.31 All 
arguments from the beginning of Section 4.2.2 to (|4.6p in the proof of convergence 
in Theorem 11.31 are still valid. Then there exists a positive number K 2 depending on 
the manifolds M and M such that 



E ( 12 [( V ^ fl W + ( V ^ R )skik)\ J < K 2 
s,i,j \ k / 



and hence 



2 [(V dk R)sijk + (V dj R)skik)] h sij <K 2 + \II\ 

s,i,j,k 

As there it follows from the boundedness of the curvature that 
d 



dt 



\II\ 2 < A\II\ Z - 2\VII\ 2 + 10|//| 4 + KAllr + K 2 , 



(5.6) 



where K\ is a nonnegative constant that depends on the dimensions of M and M. 
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With the same proof we may get the corresponding result of (14, 9h . i.e. 

< GjJjSqT) ) ' [ 10 ■ sin(*(*!i)') -k-l- S Al ■(»!!)'. ooe(*(*n)')] 



+(Z - 1) cos(fc(*ft) z ) sm{k(*n) 1 )] 



\II\ 2 K 2 



sin(/c(*fi) / ) sin(fe(*O)0' 
By Claim [OJ it follows from ([57^ that 

(4-A) / "" 2 



eft ; V sin ( fc (* fi )') 



< ( sin( fc^y) ) [10 • sin(fc(*n) 1 ) - fc • z • <y Al •(*n) i -cos(fc(*n) i )] 



+^1 ■ + 



sin(A;(*fi)') sin(fc(*fi) J ) ' 

Let ^ = sin(fc(in)')' ^ 4 := sin(fc(*n)') = sin(fc(^_)') aIld 



:= max 

l (A+ l. ) n'2« 

By Claim H3J #3 < and 



10 • sm(k(*n) 1 ) -k-l-5 Al - ■ cos(k(*n) 1 ) 



[j t -A)g<K 3 -g 2 + K 1 -g + K A . (5.8) 



Consider the initial value problem 



-^y = K 3 ■ y 2 + K x ■ y + K4 and y(0) = max So g. (5.9) 
If y(0) > Kl V^i~ 4K ^ Ki ^ un iq Ue solution of (15. 9j) is given by 



= (^1 + V^l ~ 4i^3^4) • exp( Vif^li^t + gs) ~ K X + y/^ 2 - 4^4 

-2^3 • [exp( V^i 2 - 4^4* + K 5 ) - 1] 
where K 5 = In !^)±^^S. Clearly y(t) -+ gl±^g^ as t _> Xm 
If y(0) = then y{t) = zglZ^g^ . 

If y(0) < — — - — ^2^3 4j ^ — ^, then there exists a T > such that on [0,T] we have 
y(i) — — ^ 2 J ^ 1 3 ~ 4i ^ 3 — < 0, and therefore 

(v(*) + ^) 2 = " exp^tf? - ±W + K 5 ) + ~J^ 3 * 4 > 
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where K 5 = In (^-y(0) 2 - - §| J . It follows that 

T= H ~^±^> Q and ,(r ) = -4L < -^-N/^-^. 
Hence we can continue this procedure and get 



V{t) + 2lt 3 ) = ~ «*P(V ~ 4 ^^4t + if 5 ) + 1 2 > 
for all time i > 0. From this we derive 



= -^ + W-e X p(^K 1 2 -4^ 3 ^ + ^ 5 ) + — ^ 



3 



/ if 2 - 4K 3 i^ 4 _ -ifi ~ x/i^i 2 ~ 4if 3 ^4 
" 2K 3 I/ 4K| 2K 3 



if-^<y(0)< ^g^ ,and 



< 



IK 3 



V{t) = -^-\J-*M^Ki-±K 3 K A t + K,) + ^ 



3 



2K, 



if0<y(0)<-^. 



By (|5.8p - (|5.9p the comparison principle for parabolic equations yields 

s= id§m- y{t) Vf>a (5 - 10> 

Since (|4.3p implies that the function 

1 1 



.(A+ i)»'2» 
is bounded away from zero, we derive 



3 *J2 -> sin(fe(*0) i ) 



max \II\ 2 < sm(k(±) 1 ) ■ y(t) < S m(k(^) 1 ) ■ L, (5.11) 

where L = -K,-^Kl-AK zKi . f y{0) > _ ^ ^ L = if < y{Q) < _K^_ 

Hence \II\ 2 is uniformly bounded. Namely, we have proved that the flow converges 
to a Lagrangian submanifold at infinity provided that the flow exists for all the time. 
(Note: Different from the case of tori we cannot prove max£ t \II\ 2 — > as t — >■ oo, 
and hence cannot assert that the limit submanifold is totally geodesic.) 

The proof of Theorem I5.1l (iv) . The idea is similar to that of Theorem ll.il In the 

present case we have the following 
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Proposition 5.5 Under the assumptions of Proposition \5.4\ suppose further that 
(M, oj, J, g) also satisfies the condition (C). Then along the mean curvature flow a 
similar inequality to that of Proposition [X51 holds, i.e. 

— *n> A*n + 8 A - *n\n\ 2 + Co • *n V 7- — -f^. (5.12) 

Proof. Under the further assumption, by (|5.5p we have 



EE 



ikih ) 



T#k (l + AiKA. + V) 

(Ai-1KAL-1) 
" °^(1 + AL)(1 + A| r )- 

This and Propositions 13.31 and 13.41 give (|5.12[) . □ 

As in [22], using this we may prove that Aj — > 1 and max£ t |-f^| 2 — > as f — > oo, 
and hence that the flow converges to a totally geodesic Lagrangian submanifold of 
M x M as t — > oo and that <^ converges smoothly to a biholomorphic isometry 
(^oo : M — > M. Theorem 15.11 is proved. □ 

A theorem by Matsushima and Borel-Remmert claimed that every compact ho- 
mogeneous Kahler manifold is the Kahler product of a flat complex torus (known 
as the Albanese torus of (M, J)) and a Kahler C-space (cf. [51 Theorem 8.97]). As 
a consequence, a compact homogeneous Kahler manifold admits a Kahler-Einstein 
structure if and only if it is a complex torus or is simply-connected. If we restrict 
the manifolds in Theorem 15. II to homogeneous Kahler-Einstein manifolds, then The- 
orem [5J] has sense only for simply-connected case (because the better result has been 
obtained for complex tori). 



A Appendix: Proof of Claim 14.4 



For the function g(a) in (|4.20p . a direct computation yields 



(sin af 



. , /V2T-3v 
sin a • cos a • In [ct/\ J 



. , , V21-3, 
sin a • cos a — am {a/\ J 



(sin a)" 



(sin a) • cos a „ . / . / v21 — 3 s 
h 2a cos a ■ In {a/\ ) 



a 



/ ^/2t 3 

-2 sin a — 2 sin a • In (ot/\ ) 



(A.l) 
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Clearly, lim^z g(a) = = g{J^f^), and g(a) > on (V^5=^, §). Moreover, 



7T 



3 



In (vr/2^ 



2' 2 
(Note that • i^ 21 -> 



< and g'( 



) = 1/ tan 



V21- 3 



> 0. 



- 0.8895436175241 sits between 3 5 g 17 and 3 5 3 16 ). Hence g(a) 
attains its maximum at some point ao G (\l v ^~ 3 ~, f ) with </(ao) = 0. Since any 
zero a of </ in (y v ^~ 3 , ?) satisfies the following equation 



sin a • cos a • In (a/1 



J + sma • cosa — am [a/\ 



V2T-3, , k . 

— 2 )=0, (A.2) 



plugging (|A.2j) into (|A.lj) we get 



3" (a) 



1 


(sina) 2 


cosa 


(sina) 3 


a 




1 


(sin a) 2 


cosa 


(sina) 3 


a 




—2 sin a 


— 2 sin a 


In (a 


1 


(sin a) 2 


cosa 


(sina) 3 


a 



+ 2a cos a • In (a/ 1 



21 - 3^ 



-2 sin a — 2 sin a • In (a/\ 



21 - 3 N 



+ 2cosa • (sina • cosa)(l + In (a/1 



21-3 



)) 



21 - 3, 



2 (sin a) 3 - 2 (sin a) 3 In (a/\ 



21 - 3, 



sin a 



cos a 



a 



2 sin a — 2 sin a • In (a/\ 



21-3 



(A.3) 



Observe that the function u(a) = is decreasing on (y 3 ; f ) because of 



it a 



.si^a _ cosa < _ From j V2i^3 0.8895436175241 we derive 



< 



cos a 
a 

cos a 
a 



2 sin a — 2 sin a • In (a/\ 



V21-3, 



2 sin a < 



cos 



21-3 



2 sin 



21-3 



< 0. 



21-3 



(A.4) 



That is, g"(a) < for any zero a of g' in (y v ^ 3 , |-). It follows that each zero a of 
of 5' in (y v ^~ 3 , ^) is a local maximum point of g. This implies that 5' has a unique 



zero ao in (y 3 , ^) and that 

g(ao) = (cos a ) 2 (l + In (a / 1 



ao(,cos ao J 



ao — sin ao • cos ao 
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is the maximum of g in (\J 3 , |). We can compute ao ~ 1.238756 and g(ao) ~ 
0.141446. 

References 

M. Abreu, Topology of symplectomorphism groups of S 2 x S 2 . Invent. Math., 
131(1998), no. 1, 1-23. 

M. Abreu and D. McDuff, Topology of symplectomorphism groups of rational 
ruled surfaces. J. Amer. Math. Soc, 13(2000), no. 4, 971-1009. 

S. Anjos and G. Granja, Homotopy decomposition of a group of symplectomor- 
phisms of S 2 x S 2 . Topology, 43(2004), no. 3, 599-618. 

A. Banyaga, The structure of classical diffeomorphism groups. Mathematics and 
its Applications, 400. Kluwer Academic Publishers Group, Dordrecht, 1997. 

A. L. Besse, Einstein Manifolds, Spinger-Verlag, 1987. 

A. Borel, On the curvature tensor of the Hermitian symmetric manifolds, Annals 
of Mathematics, Second Series, 71(1960), no.3, 508-521. 

E. Calabi and E. Vesentini, On Compact, Locally Symmetric Kahler Manifolds, 
Annals of Mathematics, Second Series, 71(1960), no.3, 472-507. 

L.S. Charlap, Bieberbach groups and flat manifolds. Universitext. Springer- 
Verlag, New York, 1986. 

M. Gromov, Pseudo holomorphic curves in symplectic manifolds, Invent. Math., 
82(1985),307-347. 

R. Hamilton, Three-manifolds with positive Ricci curvature. J. Differential Ge- 
ometry, 17(1982), no.2, 255-306. 

S. Helgason, Differential Geometry, Lie groups and Symmetric Spaces , Aca- 
demic Press, New York, 1978. 

H. Hofer and E. Zehnder, Symplectic invariants and Hamiltonian dynamics. 
Birkhiiuser Verlag, Basel, 1994 

S. Kobayashi and K. Nomizu, Foundations of Differential Geometry, Vol.11, In- 
terscience Publishers, 1969. 

Hong- Van Le and K. Ono, Parameterized Gromov- Witten invariants and topol- 
ogy of symplectomorphism groups. Groups of diffeomorphisms, 51-75, Adv. 
Stud. Pure Math., 52, Math. Soc. Japan, Tokyo, 2008. 

K. Leichtweiss, Zur Riemannschen Geometrie in Grassmannschen Mannig- 
faltigkeiten, Math. Z., 76(1961), 334-336. 

Jiayong Li and J. A. Watts, The orienation-preserving diffeomorphism group of 
S 2 deforms to SO (3) smoothly. Transformation Groups, 16(2011), no.2, 537-553. 



46 



[17] Qi-keng Lu, The elliptic geometry of extended spaces, Chinese Math., 4(1963), 
54-69. (translation of Acta Math. Sin., 13(1963), 49-62, by the Am. Math.Soc). 

[18] Qi-keng Lu, The classical manifolds and the classical domains, Shanghai Scien- 
tific & Technical Publishers, 1963. 

[19] Qi-keng Lu, The New Results of the classical manifolds and the classical do- 
mains, Shanghai Scientific & Technical Publishers, 1997. 

[20] D. McDuff, A survey of the topological properties of symplectomorphism groups, 
In: Topology, geometry and quantum field theory, 173-193, London math. Soc. 
Lecture Note Ser., 308, Cambridge Univ. Press, 2004. 

[21] D. McDuff and D. Salamon, Introduction to Symplectic Topology, Clarendon 
Press Oxford, 1995. 

[22] I. Medos and M. -T.Wang, Deforerming Symplectomorphisms of complex projec- 
tive spaces by mean curvature flow. J. Diff. Geom., 87(2011) 309-341. 

[23] L. Simon, Asymptotics for a class of nonlinear evolution equations, with appli- 
cations to geometric problems. Ann. of Math., (2) 118(1983), no. 3, 525-571. 

[24] Ngaiming Mok, Metric Rigidity Theorems on Hermitian Locally Symmetric 
Manifolds, Series in Pure Mathematics Vol.6, World Scientic Publishing Co. 
Pte. Ltd, 1989. 

[25] L. Polterovich, The geometry of the group of symplectic diffeomorphisms. Lec- 
tures in Mathematics ETH Ziiich. Birkhauser Verlag, Basel, 2001. 

[26] P. Seidel, On the group of symplectic automorphisms of CP m x CP n . Northern 
California Symplectic Geometry Seminar, 237-250, Amer. Math. Soc. Transl. 
Ser. 2, 196, Amer. Math. Soc, Providence, RI, 1999. 

[27] S. Smale, Diffeomorphisms of the 2-spheres, Proc. Amer. Math. Soc, 
10(1959) ,621-626. 

[28] K.Smoczyk, A canonical way to deform a Lagrangian submanifolds. preprint, 
|dg-ga/9605005 

[29] K.Smoczyk, Angle theorems for the Lagrangian mean curvature flow. Math. Z., 
240(2002), no. 4, 849-883. 

[30] K.Smoczyk, Longtime existence of the Lagrangian mean curvature flow. 
Calc.Var., 20(2004), 25-46. 

[31] M. -P. Tsui and M.-T. Wang, Mean curvature flows and homotopy of maps 
between spheres. Comm. Pure App. Math., 57(2004), no. 8, 1110-1126. 

[32] Hsien-Chung Wang, Closed Manifolds with Homogeneous Complex Structure, 
American Journal of Mathematics, 76(1954), no.l, 1-32. 

[33] M.-T. Wang, Mean curvature flow in higher codimension. math.DG (math.AP). 
math.DG/0204054[ 

[34] M.-T. Wang, Mean curvature flow of surface in Einstein Four Manifolds. 
J. Differential Geom.,57(2)(2001), 301-338. 



47 



[35] M.-T. Wang, Long-time existence and convergence of graphic mean curvature 
flow in arbitrary codimension. Invent. Math., 148(2002), no. 3, 525-543. 

[36] M.-T. Wang, Deforming area preserving diffeomorphism of surfaces by mean 
curvature flow. Math. Res. Lett, 8(2001), no. 5-6, 651-661. 

[37] M.-T. Wang, A convergence result of the Lagrangian mean curvature flow. 
Proceedings of the third International Congress of Chinese Mathematicians. 
|arXiv:math/0508354 vl. 

[38] Yung-Chow, Wong, Differential geometry of Grassmann manifolds, Proc. N.A.S., 
57(1967), 589C594. 

[39] Yung-Chow,Wong, Sectional Curvatures of Grassmann Manifolds, Proc. N.A.S., 
60(1968), 75-79. 



48 



